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This research addresses algorithmic approaches for solving two different, but related, types of optimization
problems. Firstly, the research considers the solution of a specific type of assignment problem using con-
tinuous methods. Secondly, the research addresses solving systems of inequalities (and equalities) in a
least square sense. The specific assignment problem has piece-wise linear additive separable server cost
functions, which are continuous everywhere except at zero, the point of discontinuity for the {0,1} assign-
ment condition. Continuous relaxation of the {0,1} constraints yields a linear programming problem. Solv-
ing the dual of the linear programming problem yields the complementarity conditions for a primal solution,
a system of linear inequalities and equalities. Adding equations to this system to enforce a {0,1} solution
in the relaxed solution set yields an augmented system, not necessarily linear. Methods to solve this sys-
tem, a system of linear inequalities and non-linear equations, in a least square sense are developed. The
specific assignment problem is a variation of problems which are amenable to strong continuous relaxation,
in that the solution set of the relaxed problem has been shown, experimentally, to often contain a {0,1}
solution. However, if there are a large number of variables, efficient continuous (non-combinatoric)
methods are needed to locate {0,1} solutions, if such exist. This work addresses methods to find {0,1}
solutions using a least square formulation for solving systems of inequalities.

There is a large body of work dealing with nondifferentiable optimization, but the kind of nondifferentiability
posed by inequalities is of a special type. By considering a least square formulation of the problem:

(a) meaningful solutions can be found even in the infeasible case which naturally arises in
applications such as sequential quadratic programming;

(b) the probiem becomes one (but not twice) differentiable;

(c) the generalized second order differential set has favorable properties that aliow generalization
of classical second order non-linear least square aigorithms;

(d) the fundamental computational subproblem, soiving a system of linear equalities, is efficiently
solvable;

(e) the problem becomes numericaily stable (in the sense of Robinson).

Common algorithmic approaches to solve nonlinear least square problems are adapted to solve systems
of inequalities. Local and global convergence results are developed, using properties of the Clarke
generalized subdifferential and Jacobian. Rates of convergence are analyzed. Applications of the
algorithms for solving the piece-wise linear assignment subproblem are developed and analyzed.
Application of the algorithms for solving linear programming problems, and linear and convex
complementarity problems are described.
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Notation

1) R™ denotes the real n-dimensional space. Let 1™ denote the vector of all ones in R™.

2) 7 denotes the positive orthant in R™.

3) Let S be a subset of R™.

- convex hull S denotes the set of all finite convex combinations of elements of S.
- {d|z € S implies = + Ad € S for all A > 0} is the set of directions of recession of S.
- Let 85(z) be the indicator function of the set, S. §s(z) :=0, if z € S; otherwise, és(z) := +x.

4) Let (e, o) denote the inner product on R*. Let S+ := {y|{z,y) = 0, for all z € S} denote the orthogonal
complement of the set S. Given a € R™, a scalar a. let H := {z]{a,r) = o} denote the hyperplane
associated with ¢ and a.

5) Let K C R™ be a convex cone, then denote K* := {y|(z,y) <0 for all z € K}. K* is called the polar
of the cone K.

6) Let C[{R™, R™] be the set of all continuously once differential functions from R" to ®™. Similarly,
C?[R™, ™| is the set of all continuously twice differential functions from R" to ®™.

7) Let z € R™. Let S C R™. All vectors are written as column vectors.

- ||z|| denotes the Euclidean norm of .
- dist (,5) := inf{ljz - yl| |y € S}.
- N(z,r) := {y|llx — y|| < r} denotes an open neighborhood of radius r about z.
- x4 denotes the Euclidean projection of £ onto R%.
- T. =4+ T4.
8) For a linear map G,
- denote ||G|| as the induced operator norm,
- denote N'(G) as the null space of G.
9) A function f is Lipschitz of order p of rank v > 0 on a set S, if all =,y € S satisfy: ||f(z) — f(y)| <
iz —yli*.
10) Let A be an m by n matrix and let I C {1,2,..., m}.
~ Denote |I| to mean the cardinality of the set I.
- Ay denotes the p by n matrix, where p = |I|, formed from the p rows of A indexed by I.
- A' denotes the pseudo-inverse of the matrix A, the generalized inverse giving a least norm, least square
solution.
-Typically, denote index i, as the row of a matrix.
-Typically, denote index 7, as the column of a matrix.

11} For a matrix A, an n by n matrix, denote || Al|r, the Frobenius norm of A4,

j=1i=1

Al = (iiw?) '
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12) Let S be a subset of R”. Usually f is a single-valued functional mapping of S into R, and F is a
single-valued mapping from S into R™. A property of f is satisfied a.e. on S, if this property is satisfied
everywhere on S except on a set of measure 0.

13) The Clarke subdifferential set of f at x is denoted df(x). The gradiert of f at z is denoted V f(z).

14) The Clarke generalized Jacobian set of F at z is donoted F(z). The Jacobian of F(z) is denoted
J F(z). Similarly, the Clarke generalized Jacobian set of V f(z) (sometimes referred to as a generalized
Hessian) is denoted 8V f(x). The Hessian of f at z is denoted V? f(z).

15) In algorithms, iterates are typically denoted with the index. k. Greek lower case letters. such as a. 3.~ A
are usually positive scalars. Direction vectors are usually denoted d, and the algorithm scaled step is
usually s. Distinquished points, such as solution or accumulation points are usually denoted by a star
convention, such as z*.

16) The notation, “little 0” means a = o(6) =% § —0as§—0.

17) Afx and AM; are symbols used in development of trust region algorithms, where at each iterate k,
AOfi = f(zk) — f(ze + sk) and DMy ;= Mi(0) — Mi(si).
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1 Introduction

1.1 Types of Optimization Problems

Mathematical optimization methods include two distinct types, the combinatoric and the continuous meth-
ods. Unfortunately, practicing operations researchers often face problems which are neither purely continuous
nor combinatoric. For these problems, one cannot directly use the strong algorithms for continuous optimiza-
tion, nor the discrete methods. One such hybrid problem is the assignment problem, a useful formulation
for cost minimization problems. Assignment problems involve assigning jobs to servers, where one wishes to
match servers and jobs based on minimizing total costs. For a linear assignment, each server cost function is
linear. Realistic assignment problems cannot be adequately modeled by formulation as a linear assignment
problem, a computationally solvable problem. Practicing operations researchers look for methods allowing
representation of non-linear properties, when the server cost functions are highly non-linear. For example,
piece-wise linear approximations offer greater accuracy. Another typical modeling requirement may be sat-
isfied by approximation using a cost function having a flat minimum charge and linear rates beyond the
minimum charge. The added accuracy gained by allowing piece-wise linear server cost functions, even just
two pieces, is an attractive capability. The assignment problem having additively separable piece-wise linear
server cost functions can be solved by a strong relaxation into a linear program and then using Gomory
cutting plane methods for solution of {0, 1} assignment \.ra.ria.bles. However, these combinatoric methods are
unsatisfactory for large scale problems. Recent work addressing improved large scale methods inciude the
work of Conn and Cornuéjols[1990|, where the problem is simplified by solving for the unconstrained dual
using a projected gradient to derive search directions. Their work does not address specific methods for
finding {0, 1} primal solutions generated by a dual solution, which is formidable in the case of large scale
problems. We develop a method, based on an algorithm for finding a least square solution of a system of
linear inequalities and non-linear equations, along with using common Gomory cutting planes to solve for
the {0, 1} solutions.

Recent work addressing least square methods for solving systems of inequalities centers on the research
of Han[1980), Burke[1983}, and Han and Burke [1986]. Han[1980] developed an algorithm for solving systems
of linear inequalities using a search direction derived as the projection of the negative of the residuals onto the
subspace spanned by the coefficients of the unmet and active constraints. Further, he showed the existence
of a neighborhood of any solution, where the active and unmet constraints of the current iterate are a subset
of the active and unmet constraints of the next iterate. This neighborhood is now called an identification
neighborhood. This property assured finite termination of his algorithm.

In Burke{1983] and Burke and Han[1986], a function property called K-regular is defined, which guar-
antees a well-defined search direction at each iterate. While this class of functions may seem quite general,
Burke and Han{1986] cite “seemingly well-behaved situations” which are exciuded from their K-regular class

of functions. Using this property, they extended the least square algorithm for solving finite dimensional
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systems of inequalities and equalities of K-regular functions using the same type of projection as for the
linear case. Burke{1983] showed sufficiency conditions for global convergence of this “Gauss-Newton™” type
search direction, as well as the steepest descent direction, using Armijo line search conditions to solve sys-
tems of inequalities of uniformly K-regular C! functions in a least square sense. For the non-linear case.
they used the Mangasarian Fromowitz constraint qualification condition, defined in section 6, to assure local
g-quadratic convergence in the special identification neighborhood of a stationary point having zero residual.

This dissertation addresses solving finite systems of inequalities of C? convex functions and equalities
of C? functions, in a least square sense. The advantage of first examining the class of convex functions
is that the strong theoretical properties are revealed, suggesting the needed properties to generalize for
the non-convex case. Further, for the assignment application subproblem addressed here, the inequalities
satisfy this C? convex condition. This dissertation extends, to the inequality case, the traditional methods
used to solve the equality case, including the Gauss-Newton, Levenberg-Marquardt, Newton's methods, and
quasi-Newton updates. We derive new adaptations of these methods to handle solving inequalities in a least
square sense. We show the sufficient local convergence properties to assure various convergence rates, such
as g-quadratic, or g-superlinear, or g-linear convergence. Further, we analyze and adapt the other major
global convergence method, the trust region method, to solve systems of inequalities in a least square sense.
We show sufficient properties for global convergence of our modified trust region algorithm to handle solving
systems of inequalities in a least square sense.

Another important result of this dissertation is that we have unified and greatly simplified the treatment
of the essential properties which govern global and local convergence when solving systems of inequalities in
a least square sense. For local convergence, the key property of the least square objective function which
unifies the underlying theory, regardless of the algorithm, is the special approximating property that the
generalized Clarke differential of the least square objective function possesses in the special identification
neighborhood of a designated point. This special approximating property assures that the second order
Taylor series expansion (based on generalized differential constructs) about each point z, sufficiently close
to a given point x,, models the objective function at x, perfectly in the case of linear inequalities and with
second order accuracy in the nonlinear convex case. In contrast, a “true” analytic property would also assure
that the expansion about z, models each point z. The key global 'property is that the gradient of the least
square objective function for inequalities is uniformly Lipschitz of some rank vy on the lower level set of the
first iterate. The model trust region method, as with the Armijo line search, is shown to converge without
any added conditions, because of the uniform Lipschitzian property of the gradient of the objective function.

With our results, we demonstrate that one can use existing algorithms, with minor adaptations, to solve for

least square solutions of systems of convex inequalities and non-linear equations




1.2 Overview of Thesis

Section 1.3 in the Introduction gives background material on generalized differentiability, as in Clarke{1989).
as well as other results needed for the analysis of algorithm convergence properties. These properties are
the foundation of the dissertation development. Section 1.4 gives a description of a somewhat remarkable.
yet simple, algorithm developed by S.P. Han to solve linear systems of inequalities in a least square sense.
The method to find search directions in Han's algorithm uses a singular value decomposiiion (SVD). Using
the result of Bramley[1992], that the search directions generated by QR factorization with column pivoting
are bounded by the minimum norm solution provided by SVD, it follows that the method also converges
using the easier-to-compute search direction using a QR factorization with column pivoting. Since the QR
factorization with column pivoting is a finite computational process, and SVD is a convergent iterative
process, this change allows the meihod to be used as a practical algorithm. The ideas in this algorithra for
linear inequalities are a motivation to consider extension to other common minimization algorithms.

Section 1.5 in the Introduction describes background on algorithms for solving systems of equations in
a least square sense.

Section 2 develops the assignment problem, starting with the original primal problem in {0, 1} variables,
strong relaxation to a linear programming primal, conversion to the relaxed dual, and characterization of
relaxed primal solutions from a dual solution. An example problem is given in section 2.4, and section 2.5
discusses methods to solve for {0, 1} solutions within the solution set generated by a relaxed dual solution.

The treatment of least square solution of inequalities and equalities is done in sections 3 and 5. [n section
3.1, we develop the least square formulation for solving systems of linear inequalities and nonlinear equations.
In section 3.2, we state the definition of stability of a system of inequalities, based on Robinson[1976]. We
show that the least square formulation for solving a system of inequalities is numerically stable to small
perturbations or inaccuracies in computation, using this definition of stability. In this section, we give an
example of a system of inequalities which is not stable, according to Robinson’s dofinition of stability; but
the formulation of this system as a least square problem yields a system of inequalities which i stable.

In section 3.3, the identification neighborhood of a point is defined. The special approximating property
of the generalized differential constructs of the least square objective function is defined and verified for
the case of linear inequalities. In this case, the Taylor series based on second ord- - rer.. -alized differential
construct models the least square objective function perfectly in an i1dentification neighborhood.

In section 4.1, we develop the Gauss-Newton and Levenberg-Marquardt like algorithms and show local
convargence properties. We verify global convergence properties for the Armijo line search and develop and
analyze global trust region methods using a generalized Hessian mode! function in section 4.2. In section 4.3,
we analvze the least square ob,cctive function properties, which assure that the iterates, for which function
decreases. stay bounded. This assures the existence of an accumulation point among the iterates. This
function property is related to coercive behavior, which is defined in this section.

In section 5, we develop the case of systems of inequalities of convex C? functions and nonlinear equa-
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tions. In this section. we show the special approximating property of the Taylor series based on generalized
differential second order constructs of the least square objective function gives second order approximation
in an identification neighborhood of a point. From this, in section 6, we are able to develop and prove
local convergence for the Gauss-Newton like algorithm, Levenberg-Marquardt like algorithm. the Newton-
like algorithm and the special quasi-Newton symmetric secant update algorithm for non-linear least square
problems. We discuss global convergence results, noting the similarity to linear case.

In section 7, we develop and verify applications. specifically the solution of the assignment problem
of section 2. We develop and analyze a method to solve this problem, based on Han's algorithm. and on
the algorithm for solving systems of non-linear equations and linear inequalities in a least square sense. In
section 7.2, we show the application of using the least squares method to solve linear programs, specifically,
the relaxed linear program of the assignment problem. Thus. we show how one could use this method to solve
both subproblems of the assignment problem. In section 8, examples of the Gauss-Newton like algorithm

for solving the sample piece-wise linear assignment problem in section 2 are shown.

In section 9, conclusions and recommendations for further study are given.

1.3 Background on Generalized Differentials

We use properties of the Clarke|1980] generalized Jacobian and subgradient in this research. Given a function.
F. where F : R® — R™ define F to be Lipschitz of rank ~ of order 1 on some neighborhood of z, if for all
y in this neighborhood.

|F(z) - Fy)ll < ~llz - yll.

The Clarke subgradient set is defined for finite dimensional functions, which is convenient for calculations.
Let f : R™ — R be Lipschitz of order 1 of rank ~ in a neighborhood of z . Let S be a set of Lebesque measure
0 in R™. and let Q be the set of points where f fails to be differentiable. By Rademacher’s Theorem, Q has
measure 0. Then the Clarke generalized subgradient of f at z is the set 8f(z), where

df(z) = convex hull {limV f(z;)|zi — z,z; ¢ S,z ¢ Q}.

If f is a finite convex function, then the Clarke generalized subgradient set is the same as the convex

subgradient set defined as:
of(z) == {z*| f(y) — f(z) < (z*,y —z), for all y € R"}.

Now, consider F : R — R™, and assume that F is Lipschitz of rank ~ of order 1 on some neighborhood of
z. Let Q be the set of points where F fails to be differentiable. Denote the Jacobian of F at x; as J F(x),
for x; ¢ 2, where [ € [, some index set. Then the Clarke generalized Jacobian of F' at z is the set 0F(z),
where

dF(z) := convex hull {im JF(z;)|zi — z,z; ¢ Q.1 € [}.
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OF (x) is a set of all m x n matrices which are convex combinations of a finite number of limits of a sequence
of Jacobians, J F(x,;), as x; approaches z.
Some important properties of the generalized subgradient and Jacobian:
1. 8f(z) is a nonempty convex compact subset of R".
. OF(z) is a nonempty convex compact subset of R™",
If f is differentiable at z, then 3f(z) = V f(z).
. If F is differentiable at z, then df(z) = JF(z).

U W

JF is an upper semicontinuous mapping at . That is, for any 6§ > 0, there is a ¢ > 0. such that for

y € N(z,¢), a neighborhood of z, then:
OF (y) C OF(z) + 8By,

where B,,,, denotes the unit ball in ®™".
6. The Vector Mean Value Theorem for Generalized Jacobian: Let F be Lipschitz on an open convex set

U in R™, and let v,v € U. Then one has:
F(v) — F(u) € convex hull 3F([u,v}])(v — u),

where [u, v] represents the convex hull of {u,v}.
7. The Jacobian Chain Rule: Let F : R — R™ be Lipschitz in a neighborhood of x and G : R™ — R* be
Lipschitz near F{z). Then G o F is Lipschitz in some neighborhood of z and for any p € R™, one has

(G o F(z))p C convex hull {0G(F(z))dF(z)p},
and, if G is strictly differentiable, one has:
G o F(z))p = VG(F(z))dF(z)p.

Note that 9F(z) is a set of m x n matrices, since F(z) is a map from R" — R™ and dG(F(z)) denotes
the generalized Jacobian of G with respect to F(z), so that 3G(F(z)) is a set of k X m matrices, and. thus,
d(G o F(z)) is a set of k x n matrices.

Some notational details are given here. In our discussions we compare the properties of Clarke general-
ized differentiability versus the common notion of differentiability. For a functional f, first and second order
generalized differentiability properties are discussed. For a function F', first order generalized differentiability
is discussed. For ordinary differentiable constructs, use the symbol V for the gradient, the symbol V? for
the Hessian, and use the caligraphic J symbol for the Jacobian. We reserve the use of the notation 3 f and
OF to mean the Clarke generalized subgradient set and generalized Jacobian set, respectively, throughout
the dissertation unless otherwise noted. Suppose f, is twice differentiable. Suppose f, is once-differentiable

and V f; is Lipschitz continuous of rank + on some neighborhood of z which assures that f; is second order
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generalized differentiable at . Suppose F| is differentiable at z, and F; is Lipschitz continuous of rank ~
on some neighborhood of z, thus assuring F; is first order generalized differentiable at z. The notation for
symbols used to denote differentiable and generalized differentiable constructs is summarized in Table 1.

Notation for Differential Constructs, below:

Order Differential Construct Generalized Differential Construct
First Order (Jacobian) JF(z) Jo(zx) € IFy(z)
Second Order (Hessian) Vifi(x) Hy(z) € 8V f5(x)

Table 1. Notation for Differential Constructs

We prove several propositions using the upper semicontinuity of 8V f, where f is a C! convex function.
Proposition 1.3.1. Neighborhood of Invertibility.

Let f be a C! convex function (which implies that 8V f(z) exists everywhere). Let z, be given and as-
sume any generalized Hessian H(z.) € dV f(z.) is invertible. Then 8 = sup{||H~(z.)|| | H(z.) € 8V f(z.)}
satisfies 8 < +o0o. Further, there exists a neighborhood N(z,,¢) of z,, such that if z € N(z,,¢), then any
H(z) € 8V f(z) is invertible and ||H~}(z)|| < 28.

Proof. Since the generalized Hessian set is compact, then § = max{||H ~!(z.)||| H(z.) € 9V f(z.)}
is well-defined. Using the upper semicontinuity of the generalized Hessian map 9V f, choose ¢ small enough,

so that for £ € N(z,,¢) and any H(z) € dV f(z), ther some H{z,) satisfies:

1
|H(z) - H(z.)|l < 5
Then, for any z € N(z,,¢), any H(z) € 3V f(z),
1 i

I (z)(H(z) = Hz))l < |H™ (@) |1 H(z) - H(z.)|| < B35=3

By the theorem of invertibility of perturbed matrices, the matrix H(z) is invertible and satisfies:

IH =zl

-1
|H™ (z)}| < 1 = ||H-Y(z.)(H(z) - H(z.))|

l526.

If f is C! convex, using the definition of the generalized Hessian and the property that V? is symmetric.
positive semi-definite for convex functions, then any generalized Hessian of a C! convex functional is sym-
metric, positive semi-definite, being a convex combination of a finite number of limits of positive semi-definite

matrices. See Hiriart-Urruty[1986].




Proposition 1.3.2. Neighborhood of Positive Definiteness.

Let f be a C' convex function. Let z, be given. Assume that any generalized Hessian H(z.) € 9V f(z. ]
is positive definite. Then there exists a neighborhood N(z,,¢) of z,, such that if z € N(z,, €], any generalized
Hessian in H(z) € 0V f(z) is positive definite.

Proof. Since the generalized Hessian set is compact, one can solve for H(z,) € 8V f(x.) and d where

lall =1:
A:= min (d, H(z.)d) >0

subject to: ||d|| =1

H(z,) € 0V f(z,).
Using the upper semicontinuity of the map 9V f(z.), choose ¢ > 0 small enough so that for z € V(z,,¢).

any H(z) € 8V f(z), then some H(z,) € dV f(z.) satisfies:

Il H(z.) - H(z)| <

N >

Then, for any d where ||d|| = 1, by the Cauchy-Schwartz inequality,
A
A+ (d, —H(z)d) < |(d, (=H(z) + H(z.))d)| < |H(z) - H(z)l| < 3.

which implies that (d, H(z)d) > 3. |

1.4 Han’s Algorithm for Solving Linear Inequalities
Han [1980] describes a method to solve a linear system of inequalities in a least square sense. We give a brief
description of this method, and develop and verify properties of the iterates.

Let A be a linear transformation from R" to R™, and let b € R™. Han’s method provides a solution to

a system of inequalities, Az < b, whether feasible or infeasible, by solving in a least square sense:
. 1
min f(z) := 5((Az - b} (Az - b)), (1.4.1)
where (Azx — b)+ denotes the projection of Ax — b onto R7*. The optimal residual 2z, = (Az. —b)4, where z,

solves (1.4.1), is unique and satisfies ATz, = 0. One can represent (1.4.1) as a convex quadratic programming

problem with linear constraints in R™*":

min 3(z,3)
subject to: (1.4.2)
Az -b<z

Since Az — b < z is strictly feasible, and since the objective function is convex and quadratic, there exists a

solution. The Karusch-Kuhn-Tucker (KKT) conditions for a solution (z,z) to (1.4.2) are:

Atz =0,
Ar-b<z,
z >0,




Denote I(x) := {i| {(ai,z—b;) > 0}. In most cases, the dependence of z is evident in context, so for simplicity
of notation, I = I(r) is used. Denote A; as the submatrix of A containing rows i € I. Notice that if [(z) = 0.

then z is a solution. Given an iterate zi, let | = I(x«) and define the search direction di as:
di = ~AY(Arzy - bp), {al)

where A} is the psuedo-inverse. A} gives the unique least norm least square projection of —(A;rx —br) onto

the subspace spanned by a;,i € I = I(z,). Han verifies that:
AT Ardi = —AT(Azy - b). = -V f(zi).
Calculate the next iterate, i, := zx + trdx where A\ solves the exact line search:
. 1 :
min -2-1’(ﬂcac + Adg). (a2)

Han shows finitely terminating global convergence to a global {but possibly, non-unique) minimum. One can
express the algorithm succinctly, as follows: Let the iterate zx be given. Let dx be calculated as the unique

least norm solution of least square solution of:
Ardy = —(Arzi - by). (b1)
Let zi := (Arzx — byr), and let A;x > 0 be calculated so that:
((z& + Ak Adk) 4+, Adi) = 0. (b2)

Because the line search function is piece-wise quadratic and convex, the exact minimizer \; is easily found.

Let zix1 := 2k + Akdi. If Vf(z4=1) =0, then ;. solves (1.4.1); otherwise, iterate.




Properties

We show that the iterates satisfy several other properties in the following:

1.

For zi. := zx + Ay Ady, since the objective function is convex, the subgradient relationship implies the

objective function decrease satisfies:
(25 25) = (201 201) 2 20l Arde. Ardi)?

(ze 28 ) = (reeto Toer) = {25 2k) = (25 1. 2k + A Adk) = (27 — 2. z«). by property (b2) and properties
of the projection, z*.

If I = L.y, then (27, 2) — (27,1, 20, 1) = (z1, —AcA[dk), by computation.

If A;dx =0, then zi is a solution. that is, A7z} =0.

If I = Ix.y, then (2, 2¢) — (2{,,,2¢,1) =0. Letting I = I and from 1 above, given that
(28, 20) = (500 2800) 2 20l Arde, Arde?,

then
(21, =AArdy) — 2(AArdy, Ardy) > 0,
(zr + AMrdi, —AArdi) — (AArdy, Ardi) 20, (1.4.3)
—(AArdi, Ardi) 20,
which implies that A;dy = 0. This means that, if at any time the index set of the current iterate [ is

the same as the index set of the next iterate Ix.1, then the algorithm converges at step k + 1.

. By the Projection Theorem, if di solves (al), then for all p € R™,

(zr + Arde, Arp) =0,

which implies:
(zr + Ardy, Ap) = 0.

. By (bl) and (b2), there is a special conjugacy relationship of the current direction d;, and the new

direction di+1:
(Adg, A, dk+1) = 0.

Han'’s algorithm has, in practice, fast convergence to a solution, whether feasible or infeasible. Han

shows that after a finite number of iterations, the iterates satisfy a relationship:

Ik C [k+ly (144)

and from (1.4.3), this implies that after at most m more iterations, then the algorithm must converge. This

special neighborhood of a solution z, is called an identification neighborhood, in that unmet and active

constraints of the solution are a superset of those neighboring points’ unmet and active constraints.
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1.5 Background on Least Square Algorithms for the Smoota Case

In addition to Han's method for solving a system of inequalities in a least square sense, there are other
minimization methods available for solving a system of equations in a least square sense, a smooth problem.

For example, if one wishes to solve for

F(z)=0
where F : R" — R™ is C?, one defines
1
flz) = §(F(z).F(r)) (1.5.1)
and solves:
inf f(x).

These minimization algorithms depend on two important calculations at each iterate z, deriving a search
direction, d, and a step size A, such that the step taken is Ad. Most minimization algorithms for least squares
find a descent direction by solving Bd = —V f(z), for d, where V f(z) is the gradient of the current iterate
and B is an n x n matrix determined by the algorithm. Denote J(z) := JF(z), the Jacobian of F at the
current iterate .

1) If B = I, where [ is the identity matrix, then d is the steepest descent direction.

2) If B = JT(z)J(z), then d is the Gauss-Newton direction.

3) If B = JT(z)J(z) + pl, where p > 0 is chosen to assure that JT(z)J(z) + ul is positive definite, then

d is the Levenberg-Marquardt direction.

4) If B is a rank 1 or rank 2 update approximation of the Hessian of f, which satisfies the quasi-Newton
condition, then d is a quasi-Newton direction.
5) If B = H(z), the Hessian of f at z, then d is the Newton direction.

Notice that calculating the search direction requires that the function f be at least once differentiable,
as in the case of the steepest descent direction. Newton's method uses second order information. An
important property of B is that it be positive definite to assure a descent direction. Therefore, one must
define an algorithm which accounts for this. If B is not positive definite, it may not be invertible, and the
Gauss-Newton and Newton’s methods can be generalized by solving Bd = —g(z) in a least square sense.

There are specialized algorithms to solve least square problems. Using second order methods, such as
Newton’s method or quasi-Newton methods to solve least square problems do not take advantage of the
special structure of the least square objective function. Notice that the Hessian of the objective function can

be expressed: V2f(z) = JT(z)J(z) + Q(z), where

where T';(x) is the Hessian of F;(z). In cases where the problem has a zero or small residual solution, Q(z)

is dominated by J(z)T J(z) close to the solution. See Varah [1990] and Gill, Murray and Wright [1981]. A
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small residual problem is characterized by properties of the Jacobian of F at the solution and the magnitude
of the residuals. Because of the special structure of the non-linear least squares problem, one usually uses
the Gauss-Newton method or the Levenberg-Marquardt algorithm for zero or small residual problems.

Newton’s method and quasi-Newton methods are also applicable for solving non-linear least squares.
particularly for those having large residuals. In section 4 we adapt these methods to solve systems of
inequalities, by selecting a generalized Jacobian or Hessian at each iterate.

Inexact line search methods compare the predicted step size and the decrease in function value versus
the actual step size and function value. For example, given a, 3, such that 0 < a < 3 < 1, the Armijo line

search conditions require A to satisfy,

f(z +Ad) < f(z) + alg(z), Ad),
(9(z + Ad), Ad) > 3(g(z). Ad).

(1.5.2)

Conditions on the function f which assure the existence of A to satisfy (1.5.2) are that V f be continuous,
that the search direction d is a descent direction of f at z, and that {f(z + Ad)| A > 0} is bounded below.
The model trust region (or restricted step) method uses a model function, typically a second order
(Taylor series) approximation of f at r to compare the predicted versus actual decrease in the function,
adjusting the step size appropriately. Suppose M(s) := f(z) + (g(z),s) + -.}(s,H(:c)s), where g(z) is the
gradient of f at  and H(z) is the dessian of f(z). Then the Taylor series approximation gives: f(z + s) =
M(s), about z. The method finds a specific step, s, to satisfy agreement between the model function and

the function f. An inital 6 > 0 is chosen. The subproblem below is solved for s:
min M(s) subject to ||s]] < 4. (1.5.3)
3

Calculate the ratio:

L f@) - fzts) _ fz)-flz+s)
T M(0) - M(s) fz)-M(s)

1) If r < .25, then set the new 6 := [|s]|/4.

(1.5.4)

If r > .75, and |js|| = 4, then set the new § := 26,

otherwise, set the new § := 4.

2) If » <0, then set new z := z; else, set new z =z + 3.

The model trust region method may not take a step at each iteration, and the method does not require
that the Hessian be positive definite. The choices of parameter, above, for example, .25, and .75, are based
on computational experience. Solving subproblem (1.5.3) is often done approximately.

The model trust region method requires a second order approximation of the function. In section 4, we

show that using the generalized Hessian provides this approximation.
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2 Piece-wise Linear Assignment Problem

In this section, an assignment problem having a piece-wise linear objective cost function is described. The
piece-wise linear objective function of use here is the maximum of a constant function and one or several
linear functions. This problem is the motivation and an application of algorithms developed in sections 4
and 6. This type of piece-wise linear objective cost function is useful in modeling the costs of assigning jobs
to individual servers, each of which have fixed minimum charges and linear rates above the minimum. The
problem is expressed as a {0, 1} programming problem for which a strong relaxation is derived. The dual
of the relaxed primal problem is derived, as well as optimality conditions for the relaxed primal solutions.
Alternative methods for solving for {0, 1} solutions within the relaxed problem solution set are described
and compared.

This assignment problem belongs to a family of problems, called the uncapacitated facility location

problem. It is a generalization of the problem described in Conn and Cornuéjols{1990].

2.1 Statement of Problem

Let i € I = {1,2,...,m} represent jobs to be assigned to servers j € J = {1,2,3,...,n}. Let 1™ € R™
represent the unit demand vector of the jobs. For each j € J, i € I, let y; ; be the relative amount of demand
i, assigned to server j, i.e, y € R™". The variable y is constrained so that 0 < y; ;, foreach j € J,1 € I.
Further, the variable y must meet the demand for each i. That is, for all ¢t € I,

Zy.-,j =1

i€J
Let positive linear cost coefficients, c; ;, and positive minimum cost constants, ¢, be associated with each
server j and job i. That is. assume for all i € [ and j € J, that ¢; ; > 0 and ¢; > 0. To simplify notation,
interpret the vector y, ; to be the elements of y € R™", associated with server ;. The cost function for each
server j is:

max(d;, (s j,¥s,5)) ifany yi; >0,

This server cost function represents a flat minimum charge with linear rates beyond the minimum. Some
restaurants, for example, charge a flat table charge, even if the sum of the menu items fall beneath this price.

Figure 1 shows the graph of an example server cost function.
[ 3

f(y)

0 y 1

Figure 1. Example Server Cost Function
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One can form the strong relaxations of the cost functions by introducing variables. 1 > w, > 0. for

J € J, and adding the constraints that

1 2w >yi;.V8, 5

The relaxed primal problem for the assignment problem is then

inf 3 f(ws905) (2.1.1)
J

subject to: Vie [ Zyw =1,
1€J

where f;(w;, ys ;) := max{w;@;, (cej Yo ;) + 0(w;,9. ;|0 < i ; < w; < 1,Vi€ [). Here, 6 is the indicator

function; that is,

5(w;,ys ) = {0 if the condition is satisfied,
Ir el +o00  if the condition is not satisfied.

Notice that f; is convex, being the pointwise maximum of a constant function and a linear function. By
adding a variable z € R", the problem can be expressed in standard form with mn + 2n variables and

2mn + m + 3n constraints as follows:
(P) : min Z z;
J
subject to:
w; —yi; 20, Vi,j
—¢jwj + Zj Z 0, V]

- Z Cij¥ig+2; 20, V)

[}
Zyg,]‘ = 1, Vi
J

wy S l, V]

(2.1.2)

yl',j > Oy V’s J

The relaxed primal problem (P) is feasible, and the optimal value is finite, since the cost coefficients are all
positive and the equality constraint on y assures a closed bounded feasible region for the y variable. Thus.
by the Duality Theorem of Linear Programming, there exists solutions to the dual of the relaxed problem.
See, for example, Kolman and Beck[1980].
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2.2 Dual of the Relaxed Problem

Define dual variables, v € R™", r,s.t € R", and u € R™, so that the dual, directly derivable from (P) is :

(D) max Zu‘—ZtJ
: J

subject to:

va -¢,8; =0, V)

1

=V, + U -y < 0, Vvij

5]+TJ=l, VJ

{2.2.1)
vi; 20, Vi j
t; 20, Vj
s; 20, Vj
r; 20, Vj

u; unconstrained, Vi.

By substituting

8 = (Z vi,j) /#; 20,

i

since v; ; 2 0, and ¢; > 0; and substituting, r; = 1 — s; > 0, one can eliminate the variables r and s to

(D) : max Zu‘-—th
i J

subject to:

—vij+ U — G (1 - ;! Z”’w‘) <0, Vij
k

obtain:

. 2.2.2)
Zvi,]’ <o, V) (
i
t; >0, Vj
v;; 20, Vi j

u; unconstrained, Vi.

The dual has mn + m + n variables and 2mn + 2n constraints. Solving the dual problem may be preferable.

if there are fewer variables and constraints. Then, after solving the dual, one must retrieve a solution.
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2.3 Solving for the Primal from the Relaxed Dual

Since (P) and (D) are linear programming duals of each other. and if u. v. t { and implicitly r and s) solve
(D), then there exists w, y. z wnich solve (P). The optimality conditions which must be satisfied can be

expressed, for optimal u, v, t and

85 = (Z vi.j) /0.

1
r;=1-—s,.

Then. from (P). it follows:
w; —yi; 20, VYi,;
—cpjwj + Zj Z 0, V]

- Zci,jyi.j +2; 20, Vj

DSwi=1, Vi
J

wy < l, V]

yi; 20, Vi, j

Further, by complementarity conditions for (P) and ( D), the following must be satisfied:

v.-_j(wj - y,"j) = 0, Vi,j
s,(—-¢,-w,~ + Zj) =0, Vj
= 09 vj

(= E :Ci.jyi.j + 2;)
i
tj(w]'— 1)20, V_]

Yij(—vij +ui — ¢ r;) =0, Vi j

Using the above conditions, one can express the solution for w, y, z as a solution to a system of linear

inequalities with respect to the following index sets:

J5={lr €0} = wie =) asn, =2

JZ = {7lr; =1} <= Zci,jyi‘j =z; 2 w;P;

i
JS i= {j|rj = 0} p— 4 Zc,',jyi‘j _<_ wj¢j =25
i
[(-) = {II - v  +ui-- Gi,jTj < 0} = Yi; = 0
IY = {ilv.-‘j > 0} E— Yij = wj.
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Solve the following system for w, y, and z: (Note that z is an unnecessary variable.)

vi, =0. Vie }Vj

vij; 20, Vi j
S, =1 v
J
Yij =w;, Vi€ I]‘”,Vj
w; <1, Vj
vi; Swj, Vij (2.3.1)
t(w; — 1) =0, Vj
D cig¥is =z =we; Vi€ JT
i
Y cismig =2 2we;, VieJ?

1
Zci,jyi.j Swjp; =2, VjeJS
i

2.4 Sample Problem

In order to illustrate the primal and dual relationship, the following simple problem is shown. Let m = 4,

n=23; let ¢ = (26, 30, 30); let
20 25 25
6 5 5
40 40 4
30 30 22

Cc =

The optimal value is 87%, achieved at, for example, ¢ = (1,0,1) and w = (1,0, 1) and:

20 00 O 1 0 0
N v_oo% o o 1
“law ) "Tloo o) YT l4a oo 3

2% 0 0 23 0 0 1

10

T We show that this solution satisfies the

8) = 89 =0, and33 = Tlf Thus, ry =Ty = l,andr3 =
optimality conditions (2.3.1).
First, consider j = 2, where y;3 = 0 for all i, satisfying [J = {1,4}, and [ = 0. Further, w; = 0 is

consistent, since JZ = {1,2} and

(Co2,Ya2) =0 > wyp =04+30 =0.

Second, consider j = 3. [§ = {1} and [§ = {2,4}. It must be that r3 = 1 € (0,1) and J= = (3}. It must
be that y4 3 = 1, which implies that w3 = 1 = y3 3. To satisfy,

(Ca.3,¥a 3) = w3y = 30,
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then ya3 = %

Lastly, consider j = 1. where [ = {2,4} and [* = 0. Since 1 € J=, then

3

Ce 11 Us =37
(et ye1) =5 T

> wio) = 26.

. 11
ma=1l<w =lys=1<w.

Fori=3.3 y3; = 1. Further, forall i. 3° 4, = 1.

The full set of solutions of this problem include: y; ; = 0. except as follows:

3
yii=w1 =1 ypa=waz=wiy=1 y3z3=—

44’
and ws;.ys32, and y3,; satisfy:
we < 1,
6
YL 2 10
41
Y32 = ZZ = ¥31,

4
0<y32<w £ 3¥3.2:

See Figure 2, Example Solution Set in 2 Dimensions, ws and y3 ;.

43/55

Figure 2. Example Solution Set in 2 Dimensions
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2.5 Methods to Solve Assignment Problem

The attractiveness of the strong relaxation of the facility location problem is seen in experimental results.
For example, Cornuéjols et al. {1989] define the convex hull of the uncapacitated facility probiem solutions as
the “uncapacitated facility polytope”. They point out that often there is a {0. 1} solution within the relaxed
solution set; and if not, a solution can be found after a small number of cutting plane iterations. Their
experimental results show a small difference in the objective function values between the two problems, the
relaxed and {0, 1} problem. Thus, most methods to solve this problem use linear programming relaxations,
although there are great variations on how to solve these subproblems. Traditional. primal simplex and
cutting plane methods are used. Conn and Cornuéjols [1990], for their problem, solve the dual of the relaxed
primal using projections. If solving the dual is more efficient, one advantage of this may be that a (perhaps,
incomplete) set of primal solutions are characterized through the complementary slackness conditions of each
dual solution. It is desirable to find an efficient method to search the set of primal solutions generated from
a given dual solution.

The primal solution set generated by a given dual solution is a polyhedral convex set being the solution
of {2.3.1). The conditions on w assure that w is bounded. The condition on the y variable, Ej yiy; =1, for
all i, and that y,; ; > 0, for all i, j assure that y is bounded. So the solution set of the relaxed problem is
also a polytope. Searching for {0, 1} solutions among the vertices of this polytope, via direct search, could
require 2™ iterations, where at each iteration, a solution in the variable y must be computed or found not to
exist.

The approach proposed in this dissertation is to apply a penalty-type method, adding equations to the
system. which can be solved using continuous methods. As an example of a penalty for {0, 1} conditions
on w. one may choose to add the condition, w;(1 — w;) = 0, for all j. This non-linear condition has the
property that, if met, guarantees a {0, 1} solution in w;. However, the non-linear property demands more
powerful solution methods.

One can express the system of equalities and inequalities in (2.3.1), adding the condition, w;(1 —w;) =0
in more convenient notation. Use a single variable = to represent the variable (w,y), noting that z is an
auxillary variable determined by the variable (w, y). Define the function F to represent the nonlinear coercive
function of w. For example, F; : ® — R, and F;(w;) := w;(1 — w;). Let the matrix A and the vector b
represent the linear transformations in the inequalities, and the matrix C and the vector d represent the

linear transformations in the equalities. Then, solve the system below, finding = which satisifies:

F(z) =0,
Az < b, (25.1)
Cz =d.

This system has linear inequalities and nonlinear and linear equalities. In the introduction, Han's method to

solve systems of linear inequalities in a least square sense was described. One approach to solve (2.5.1) is to
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extend Han’s method to include non-linear equations. Burke {1984] describes one algorithm to solve the linear
inequalities with non-linear equations in a least square sense. The search direction is derived by projecting
(least norm least square) the negative of the residuals onto the space spanned by the coefficients of unmet
inequality constraints. He uses an Armijo line search to gain global convergence. The least square least norm
projection uses a singular value decomposition to find a search direction. We will show that common search
direction methods are applicable, such as Gauss-Newton, and quasi-Newton methods. These methods. using
direct inverses or projections using QR decomposition with column pivoting, are finite processes for finding
a search direction and can be more efficient in computation. Further, the other major global convergence
technique, the trust region method, is examined. considering various model functions.

It is not advisable to use a penalty function having a large penalty parameter or a barrier function to
coerce a solution. Large penalty parameters are known to give ill-conditioned subproblems and are compu-
tationally impractical, especially for this problem, since solutions will necessarily occur at the boundary of
the feasible set.

Using Newton’s method to directly solve the system of equations:

F(z) =0,
(Ax - b), =0, (2.5.2)
Cz=d.

is difficult due to the non-differentiability property of { Ax —b) . Advances in non-differentiable optimization
have yielded new methods; but, to-date, these “bundle ” methods have suffered from poor stability and rates
of convergence. See Lemarechal{1986]. Recent developments, Schramm and Zowe[1991], use trust-region
features to increase the bundle method performance. However, the special structure of this problem suggests

again that more efficient methods can be found.

19




3 Properties of the Least Square Formulation for Solving a System of Linear Inequalities

From the discussion at the end of section 2.5, a more promising approach to solve (2.5.1) is a least square
approach using a small penalty parameter, such as i. This approach has two strong properties. First.
the objective function is differentiable Secondly, we show in this section that the least squares problem
with small penalty parameter is numerically stable under small perturbation due to inaccurate computation.
Further, there are many choices of algorithms available for minimization of differentiable functions. several
of which will be analyzed and adapted for use in this problem. The system is solved by minimizing the norm
of the residuals of the inequalities and equalities.

In section 3.1, we define the least square formulation for solving a system of nonlinear equations and
linear equalities and in section 3.2 develop numerical stability properties of the least square objective function.
In section 3.3, a special neighborhood of a designated point, called an identification neighborhood is defined
in relation to a finite system of weak linear inequalities. Points in an identification neighborhood of the
designated point satisfy the same strict linear inequalities as does the designated point, with the exception
of those weak linear inequalities which the designated point satisfies with equality. This means that the
points in an identification neighborhood are on the same side of all separating hyperplanes (determined by
the weak linear inequalities) as the designated point except for those hyperplanes on which the designated
point lies. Further, in section 3.3, generalized differential constructs, first order and second order, are defined
for the system of inequalities and the least square objective function. Properties of Taylor series expansion
based on generalized differential constructs to locally approximate the least square objective function are

analyzed.

3.1 Statement of Least Square Problem

We wish to find x € R™ which solves the following system of linear inequalities and equalities and non-linear

equalities:
Fl(x) = 0!
Az <b (3.1.1)
<0,

where
F, : ®" — R™! and F, is non-linear,

A:R" — R™? and A is linear.
This is a mixed system of linear inequalities and equalities and non-linear equalities. Notice that the linear
equations and the non-linear equations are combined into a single multivariate function. Fy. Theoretically,
these are treated together; but one should exploit the simple linear equations properties in computational
algorithms. One can transform this problem into a least squares minimization problem. Denote aT to be
the ith row of A and af to be the jth element of the ith row of A. Recall that (Ax — b), represents the

projection of Az — b onto R72. We define F : R — R™1+m2

Flz) = ((Aflixg») = (gg;)
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Let f: R" — R be defined:

f(z) = fi(z) + fa(z). where
fi(z) = %(Fx(l‘). Fi(z)),

falz) = 5{(Az = b, (A~ b).).

Then. instead of solving (3.1.1), find z which solves
inf  f(z). (3.12)

Although the two problems, (3.1.1) and (3.1.2), are not equivalent, notice that if z, solves inf f(z) in (3.1.2).
then x, solves (3.1.1). Ifinf f(z) > 0in (3.1.2), then (3.1.1) has no solution. The least square algorithms do
not guarantee that a global infimum is returned to solve (3.1.2). They provide a local minimum stationary
point x, of (3.1.2) which may or may not be a solution for (3.1.2). For example, if f is not convex, there
may be non-global, local minima. f given by (2.5.1) is not convex. Even though the algorithm may return
a local minimum stationary point, we show in section 7 that a local minimum solution of (3.1.2) provides

important information for soiving the assignment problem.

3.2 Stability of the Least Square Problem for Solving Systems of Linear Inequalities

One aspect of numerical stability that is related to solving optimization problems is the sensitivity of the
solution to the problem due to small perturbations or inaccuracies of computation. One, intuitively, would
characterize numerically stable problems as ones which, given small inaccuracies in computation, would give
small inaccuracies in the solution. Certain problem formulations are known to be numerically unstable,
such as penalty functions having large penalty parameters and barrier functions, which have solutions on
the boundary of the feasible set. In this section, we show that the formulation of the least square problem
for solving systems of inequalities is numerically stable to small inaccuracies in computation. See Robinson
[1975,1976] where he develops stability theory for systems of inequalities, both the linear and non-linear case.

Consider the linear transformation A in (3.1.1) where A : ®* — R™2 a right hand side b € ®™2, and

the variable £ € R™. The system of linear inequalities is:
Az <b. (3.2.1)

Define Q := {z}Ax < b} as the solution set of (3.2.1), where Q may be empty. We say that (3.2.1) is solvable
if € is nonempty. Robinson defines the nonempty solution set Q as stable if for each zg € {1 there are some
positive constants § and 6, such that for any linear transformation 4’ : R* — R™, and b’ € R™, where

[A— Al +]1b-¥'|| < 6, the distance from z; to the solution set of the perturbed system, Q' := {z|A’'z < b'}

satisfies
dist (zo, ') < Bp(zo), (3.2.2)
where
e ' A
p(x)-—kgg,: o' — A’z — k. (3.2.3)
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Notice the p(z) = ||(A’z — '), ||. It is not sufficient for the system (3.2.1) to be solvable to guarantee Q
is stable. We define dist (g, Q') to be infinite, if ' is empty. A simple example of an unstable solvable

system, in a one-dimensional variable z. is:
r <0,

z >0.

For this system. 2 = {0}. Yet, for any § > 0. the perturbed sytem,
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has empty solution set, meaning that the solution set is unstable.

Robinson defines the system (3.2.1) to be regular if there exists some z such that Az < b. This is a
strict consistency condition. Robinson shows that a systemn (3.2.1) is regular if and only if the solution set
(2 is stable.

Rather than formulating the problem as in (3.2.1), one can represent the problem as a least square

formulation by finding £ € " and z € ®™2 which solve:

inf %(z, 2))

T,z (3.24)
subject to: Az -b < 2.
Recalling the KK T conditions for this problem,
ATz =0,
z 20,
(3.2.5)
Az -b-2<0,
{(z,Ax -b-2)=0.
The system of inequalities represcnied in (3.2.5) include:
-2<0,
(3.2.6)
Az -b-2<0.

By extending the original problem (3.2.1) to (3.2.4}, a least square formulation, the system of linear inequal-
ities (3.2.6) is regular, and hence the solution set is stable. This is assured even if the original system (3.2.1)

is not solvable, since (3.2.6) satisfies a strict consistency condition for any choice of A and b.
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3.3 Approximating Properties of Taylor Series Using Generalized Differential Constructs

Assume that f is twice continuously differentiable, which is the case for the subproblem (2.5.1) obtained
in the assignment problem. Denote H,(z) := V2f,(z) to be the Hessian of f;, and denote J,(z) := JFi(x)
to be the Jacobian of F)(x). Refer to the differential notation that was outlined in Table 1 in section 1.3. This
table clarifies the distinction in notation between generalized and single-valued differentials. and between

differential constructs for f and F'.
Proposition 3.3.1.

(Az - b), is uniformly Lipschitz of rank {|A|| of order 1 on all of ®*. That is, for all z.y. ||(4z - b). -
(Ay = b)+ |t < |l All flz - il
Proof. : For all i,
0 if ({ai,z) — bi)y = ({as,y) — bi) 4+ =0,
(a6, 2) =) ~((as,y)=b) | = { [t %~ i both (o, o) 20 and {a,y) 2 b

[{ai, AM(z — y))| some A € (0,1), if (a;, ) < b; and (a;,y) > by,
[{ai, A(z — y))| some A € (0,1), if (a;, ) > b; and (as,y) < b;.

(3.3.1)

The first two cases are clear. The third case, where (a,, ) < b; and (a;,y) > b;, means there exists A € (0. 1),
such that z = y + A(z — y) and (a;, z) = b;. Then

|({as, ) = bi)+ — ({25, 9) = bi)+] =

as, z) — bi = ({ai, ) — bi)| =

Kai, 2 — )| = [{as, A(z — y)).
The fourth case is shown similarly. ||

Thus the Clarke generalized Jacobian set of (Ax — b),, denoted d(Azx — b)., is well-defined. Let Q be

the set of points where the Jacobian of (Az — b). does not exist and denote J;(y;) to be the Jacobian of
(Ayx — b), where the Jacobian does exist. Then d(Ax — b),. is the set of all m x n matrices Jy(z), where
any Jo(z) is a convex combination of a finite number of limits, J¥, k = 1,..., K, some K. Each limit J¥ is

obtained as the limit of a sequence of the form Ja(y;), where y; — z and y; ¢ Q. That is,
J¥ = ylimz Ja(yt), where y; ¢ Q.
s

Proposition 3.3.2.
J2(z) is a generalized Jacobian of (Ax — b}, if and only if
0‘ lf(atax)"bt<0s
Jo(i,j) =4 ol if(a,z) —b; >0, (3.3.2)
Nal  if (ai,z) — b =0, for some A € 0, 1] .

Proof. For this function (Az - b),, Q = {z|(ay,z) = b;, for some i}. By direct calculation of limits, J5.
one finds:
Jf=EA= ylim Ja(yt), where y; ¢ Q,
1 ~—Z
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where E is an m2 x m2 diagonal matrix, with elements e* on the diagonal, where

{0 if i € I™(x),
e =

1 ifie I (x),
Qorl ifie%x).
Then Jy(x) € 0(Ax — b). means

K K
Jo(z) = Y AkExA. such that, 3 e = LA € [0.1].

k=1 k=1

Therefore, one can express Jo(x) = DA where D is a diagonal m2 x m2 matrix. with elements d, on the

0 ifiel (z),
d=<¢1 ifiel*(z),

A if i € I°(z), where A; € [0, 1).

diagonal, where

Note that for all z,p € R™, that || Jo(z)p|| < ||All||pll, for all possible choices of Jy(z) € (Ax - b)..
Commonly, Ji(z) is assumed to be Lipschitz continuous of rank 4 on some open convex set D. That is
IJi{z) = Ji(y)l| € vllz — y|l for all z,y € D. The following proposition follows from real analysis and is

found in most elementary material on continuous optimization, including Dennis and Schnabel|1983|.
Proposition 3.3.3.
If J, is order 1 Lipschitz continuous of rank v on an open set D, then
1Fu(z +p) - Fi(@) - K(@)pl < Flpl?,

where z and z + p€ D.
Proof. Since J, is Lipschitz continuous, it is differentiable a.e. on D, and the line integral parameterized

along z to z + p satisfies:

1
IFi(z +p) - Fi(z) - Ju2)pll < /0 1Ji(z + tp) — Sy ()] lpll dt
1
d
< /0 Aol lipl de
1
= 2 d
il /0 tdt

— Yion2?
2.

Observe that J;(z), a generalized Jacobian of (Ax — b),, need not satisfy a Lipschitz condition.
Proposition 3.3.4. Existence of an Identification Neighborhood.

Let z, be given and let
°(z.) = {il (@, z.) = b},

I*(z.) = {il{as, z4) > b},
I"(z.) := {il{ai. z.) < b}

24




Then there exists a neighborhood N(z.,r) of z., such that for z € N(z,,r):

[O(-'E) C IO(I-)v
["(z,) = [T(@)\[%(z.), (3.3.3)
I7(z.) = [T (@\[°(z.).

Proof. Removing the constraints, i € [%(z,), allows forming a neighborhood, since there are then all strict

inequalities. Define hyperplanes for i, H, := {z| (a;,z) — b = 0}, and let r > 0 be chosen so that,
r < min{ dist (z,, H;)|i € [ (z,)U I (z.)}.

If r € N(z.,r), then
I°(z) c I°(z.),

I*(z.) = [T (2)\[°(z.),
I—(xt) = I—(I)\[O(It)'
I

Proposition 3.3.5. Perfect Approximating Property

Let z, be given and let N(z.,r) be a neighborhood which satisfies (3.3.3) in Proposition 3.3.4. Let
z € N(z.,r) and let p := z, — z, then

1. for any Jy(z) € 3(Ax — b)),
(A(z +p) ~b)s — (Az - b)4 — Jo(z)p=0;
2. for any Jy(z,) € 3(Az, - b),,
I(Az ~ b)4 — (Az, = b)+ — Jo(z)(=P)I| < I Arocza)ll lIpll;
3. for each particular z € N(z.,r), there is at least one Jy(z.) € 9( Az, — b),, such that
(Az - b)+ - (Az, - b), — Jo(z.)(-p) = 0.

Proof. For 1, note that z + p = z,. Consider any i:
1.1. If i ¢ I°(z,). This implies i ¢ I°(z). If i € I~ (x)U I*(xz), then (Ja(z)); is unique. In either case, then

({2 +p.as) = b)s = ({2, @) = bs)s — (Jo(z))sp = 0.

1.2. If i € I°(z,). If i € I7(z) U I*(x), then (Jy(x)); is unique. If i € I%(z), then (p,q;) = 0, so for any
(J2(z))i = Aa;, where A € [0, 1], (p, Aa;) = 0. In any case, then

({z+p,ai) —bi)y — ({Z,ay) = b))y = (Ja(z))sip = 0.
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Relation (2) says that all the error of the first order approximation is in the components of the indices
i € I%z,), for this neighborhood.

For 3, Let £ € N(z,,r), and let
I7 =17 (z)n I°z,).

I =17 (x)n I°(z,).
The only choices are for those i € [°(z,). Choose
a; foriel™,
(S2(ze))i=¢ 0 foriel~,
Aa; forany A€ [0,1], i€ [9z,)n [%(z).
Then Jy(z.) € d(Az, — b), and

(Az - b). — (A(z.) = b), = Jo(z)(-p) = 0.

From Proposition 3.3.5, one can guarantee a type of perfect first order local approximation. For any r
in this Proposition 3.3.4 neighborhood of z., any generalized Jacobian selection of 8(Ax — b), can be used
in the first order Taylor series to perfectly first order model (Az* - b), from the point z. On the other
hand, the reverse may not hold. There may not be any generalized Jacobian selection of 3({ Az, — b). for
which the Taylor series based on this generalized Jacobian perfectly first order models (4z - b),, for all ¢
from this point z,. But for each z, there is at least one generalized Jacobian in §(Ax. — b).. for which the
Taylor series using this generalized Jacobian models (Ar — b), perfectly. The local approximating property
of Proposition 3.3.5., the first result, is the critical property to derive properties of local convergence to a
stationary point, such as local convergence rates.

This neighborhood is called the identification neighborhood of a point z.. In this neighborhood. a
point = has the same strict inequalities as for z,, with the exception of the indices for i € I°(z,), where
a containment property holds, I°(z) C I°(z.). Other research has addressed this neigborhood. Han[1980],
Burke[1983|, and Burke and Moré[1988] use this property in analyzing algorithms to solve systems of linear
inequalities. They state an equivalent form of the property for the linear case, stating that the directions
stay in the null space of the space spanned by the coefficients of the active constraints of the stationary
point z,. They did not develop this property in the setting of generalized differential constructs. In section
5, we address the class of C? convex functions and develop the local approximation results for this class of
functions, applying the approximation result in a unified way for common algorithms. Robinson|1990] refers
to the approximating property (3.3.5) as a point-based linearization approximating property, from which he
develops local convergence properties of a Newton-like method to solve for zeroes of nonsmooth functions.
Robinson does not show the details of how to form the point-based approximation for specific functions.
rather he applies this approximating property to analyze general convergence properties.

Denote any generalized Jacobian of F at z, denoted J(z), to be

J(z) = (j;g;;) , where Jo(z) € 8(Az - b),.
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f2, being a differentiable convex function, is continuously differentiable.
Proposition 3.3.6.

¥ f, is Lipschitz continuous of rank || A||? of order 1 over all R™.
Proof. For all z.y,
IV fa(z) = V fo(y)ll = 14T (Az - b). — AT(Ay —b). ||
< A I(Az = b}, — (Ay — b)|
< APl - yll,
where the last inequality comes from Proposition 3.3.1. ||
Therefore, one can also derive a Clarke ;. neralized Jacobian set of V f, or a generalized Hessian set.
denoted 8V fy(z). Let 2 be the set of points at which V f3(x) is not differentiable. Then 9V f2(z) is the
set all n x n matrices. Ha(z), where H(z) is a convex combination of a finite number of limits, H¥, where
k=1,...,K, some K. Each limit Hf is obtained as the limit of a sequence of the form V2 f;(y) for some

sequence y; — z where y; ¢ Q. That is,
Hf = ylimz V2 fa(y:) where y; ¢ Q.
—
Lemma 1.

If z, is given, then there exists a neigborhood N(z,,r) of z,, such that for r € N(z.,r) and any

Jy(z) € 3(Ax — b), and Jo(z.) € ( Az, - b)4,
(J2(I) - JQ(It))T(AI. - b)+ =0.
Proof. Let [*(z.) := {i| (@i, z.) = b; > 0}. If [*(z,) = 0, then the result follows, so consider [*(z.) # 0.
Let H, := {z| (a;, z) — b; = 0} be the hyperplane defined by a;, b;. Let r > 0 be chosen so that,
r < min{ dist (z., H;)|i € [*(z.)}.
If £ € N(x.,r), then
I"(z,) C I"(z) = {i] (a;, z) — by > 0},

and for indices i € I'*(z,), ({ai,z)} —b;), is differentiable and
((ai,z) = bi)s = as.

Then

(J2(2) = Ja(2a)T(Aze = b)y = D (as —ai)(Azs —b)i =0,
i€f*(z.)

since for i ¢ I (z.), ({as.z.) — b)) =0. ||
Lemma 1 gives a neighborhood which is a superset of the identification neighborhood about z,, since
only the indices in [*(z,) are used to define the neighborhood. This lemma is used in the proof of Theorem

1 in Section 4.
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Proposition 3.3.7.
OV fo(z) = {J7 (z)Ja(z) | Jo(z) € D(Az - b). }.

Proof. Using the definition of the generalized Hessian, one can compute H obtained as the limit of a

sequence of the form V2 f,(y;), where y; — r and y, ¢  giving:
H; = ylliin.z V2 fa(y1) where y, &N
= yl‘i_f{lz T(TF W) Ay = b) -~ + T () Ta(wi) where y; ¢ Q
= Nm T2 (y)Ja(wi) where y, ¢ Q,
since, for i € I°(x) U I~ (z), limy,..({a;,yu) —b). = 0, and for i € I*(z), (Jo(x)); = (Ja(2)), = a,. a
constant, which implies
Jlim (77" () (Ay = b)+ =0.

Therefore, a limit Hi is expressed: Hy = (ExA)T E A, for some Ejx, which is an m2 x m2 diagonal matrix

with elements e on the diagonal, and
0 ifi e I-(z),
ef=¢1 if i € I*(z), (3.34)
Oor1 ifie %)
Note that E? = E¢. Then
(ExA)TELA = (E?A)TA = (E:A)T A.

First show that 8V fy(z) C {JT (z)Ja(x)|J2(z) € I( Az —b)+ }. For Ay satisfying Zi‘;l Ax = land A\ € [0, 1],
then H;(z) € 3V fa(z) means:

K
Hy(z) = E’\ka
k=1
K
=Y M(EcA)TEeA
k=1
K
= (Z MELA)TA
k=1
K K
= (P MEIQ_MENIATA
k=1 k=1

since

because A, € [0, 1}, and E, is diagonal with the property (3.3.4). Since Zf:x A =1 and A, € [0, 1], then

K
(3" ME A € 8(Az - b,

k=1
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Now, to show containment in the other direction, express J(z) = (}:f:l Ak Er)¥ A, solving for Ex which
are diagonal and satisfy (3.3.4) and A, satisfying zle Ax = 1 and A € [0,1]. This is easily solved for
indices : € [*(z)U [~ (z), since then (J3(z)); is unique (and e is unique) and any choice of Ax € [0, 1] where
Zle Ax = 1 works. For i € [°(z), one must solve simultaneously for some finite K, and e = 0 or 1, and
Ak € [0.1] where }:le Ap =1

K
(Ja(2))s = (D MeEi)t A),. (3.3.5)

k=1
Since for Ax € [0, 1] where Zf:x Ax = 1 implies ((Z:‘;1 AcEi)?); € [0, 1], and since the positive square root
function is a bijection on {0, 1], then this system is underdetermined. implying (3.3.5) is solvable. Thus. one
would reverse the arguments in the other direction, given any generalized Jacobian J;(z) € 3( Az —b). ., then

some Hy(z) € OV fy(z) exists such that Ha(z) = JT (x)Jo(z). ||

Proposition 3.3.7 gives one convenient way to choose a generalized Hessian of f,(z) using any selection

of Jo(x) € 8(Az - b),. Note that JT(z)Jo(x) is symmetric, positive semi-definite. Also, for any z,p € R*
and any choice of Jo(x) € 8(Ax — b)+, it follows that |(p, JT(z)J2(z)p)| < [1Al%{p[I*.

Proposition 3.3.8.

Let z, be given and let N(z,,r) be a Proposition 3.3.4 identification neighborhood. Let z € N(z,,r)
and let p:=z, —z. Then
1. for any Jo(z) € 8(Az - b),,

faa +9) = £a(@) = b, Val2) = 515, (@) a(@p) =0

2. for any Jy(z.) € 9(Az, - b),,

|fa(z) = falz,) = ((=p), V fa(z,)) - ';'(P» JT(z.)a(za)p)| < %I(AI"(::.)pa (Aro(z.) + 241+ (z))D);

3. for each particular x € N(z.,r) there is at least one Jo(z,) € 3(Az, — b)+, such that

1a(2) = fal) = (=), V1a(z2)) — 50p, T (@) a(z)p) = 0.

Proof. For 1, Proposition 3.3.5 means that Fy(x + p) = Fy(z) + Jo(z)p. Therefore, taking inner

products:
(Fa(z + p), Fa(z + p)) = (Fa(z) + J2(2)p, Fa(z) + Jo(z)p),

fa@+9) = fo2) + (a(a)p, Fa(e) + 500, T @) 2 (2)p)

For 2, this follows from the property that all the error is in the components having indices i € I°(z,) and is

all contained in the term: (p, JT (z.)J2(x.)p).
1
5P 7 (2) a(z0)p) =
1
3 ((J?o(,,)P, Jho(z0)P) + (Are(z1P, A1+ (2)P) + 200702 \P, A1+(z.)P)) :
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Therefore, since for i € I°(x, ), (J2(x.)); = Aia;, for some A; € [0, 1], then

1
[fa(z) = falza) = ((-p), VSa(z.)) — E(p’ JT(z.)Ja(za)p)] < %I(Al‘)(x.)l’» (Ao + 241+(2))P)-

For 3, choose Jy(z.) as in Proposition 3.3.5. Then the result follows, just like in the first result of this
proposition. ||

Denote T,(z) to be the Hessian matrix of (Fi(x));. and denote g(x) as the gradient of f(z). Denote
gi(z), galx) = AT(Azx — b)™, the gradients of fi(z) and fa(x), respectively. A choice H(z) € dVf(z). a

generalized Hessian of f(z), is determined by the choice of generalized Jacobian of (Ax — b)... Then

g(z) = J(z)TF(z) = J{ Fi(z) + AT(Az - b)" = g1(2) + 92(2),
H(z) = J(@)TJ(z) + Q(z) = Li(2)TNi(z) + J2(2)T Ja(z) + Q(2),

ml

where Q(z) := ) _ (Fu(@))il'.(2).

1

(3.3.6)
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4 Generalization of Algorithms for Solving a System of Linear Inequalities

In this section, we develop algorithms to solve problem (3.1.2). The specific algorithms are adaptations of the
Gauss-Newton and Levenberg Marquardt methods, based on using a selection of the generalized Jacobian at
each iterate. In section 4.1, the Gauss-Newton like algorithm is defined and local convergence properties are
analyzed. and the conditions for local g-quadratic convergence are verified. The Levenberg-Marquardt type
algorithm is developed and the conditions for local convergence are stated. In section 4.2, global convergence
methods are discussed. The Armijo line search algorithm is analyzed. The global trust region method is
adapted to solve (3.1.2) using a generalized Hessian model function, and the conditions far convergence are

verified.

4.1 Local Converger.ce Results

The properties of the algorithm along with the properties of the specific function being minimized guarantee
local convergence in some neighborhood of the solution or stationary point. We show local convergence
properties for the undamped search directions, the solutions d to Bd = —g(z), where g(z) = Vf(z) and B

is the matrix determined by the specific algorithm. See section 1.5.

4.1.1. Adaptation of Gauss-Newton Directions: Iterates z; are generated by
Tkyy = Tk +di
where di, the search direction, solves
IE Jdy = —g(zk) = = J{ F,

where Ji is a generalized Jacobian of F at ;. Local convergence of the Gauss-Newton method in some
neighborhood of the solution to (3.1.2) is assured under the conditions of Theorem 1. Compare to Theorem

10.2.1 of Dennis and Schnabel [1983] for the smooth case.
Theorem 1. Local Convergence of Gauss-Newton for Linear Inequalities

Let f and F be defined as in section 3.1, and assume the following:

1. fi(z) is continuously differentiable in an open subset, D C ®" and Ji(z) is Lipschitz continuous on D
of rank v and order 1.

2. There exists z, € D, such that g(z.) = 0.
Assume there exists a neighborhood N(z.,r) C D, such that the following are satisfied:

3. |2l € @, for all z € N(z,,r).

4. There exists o > 0, such that for all z € N(z..7),

N(J1(z) = Ji(z)TF(z)) € o]z - .. (4.1.1.1)

31




5. A. the smallest eigenvalue of J7 (x,)J(z,), for any choice of generalized Jacobian, satisfies:
A>o.
Then. for any c € (1. g). there exists e > 0, such that for all zo € N(z,.¢), the Gauss-Newton iterates
Ikt = Ik = (J(xe)TJ(zx)) " I (ze) T Flze),

are well-defined and converge to z, and satisfy:

co cay .

lzk-1 — x|l < T“flc -z + ETY Nz — z.]° (4.1.1.2)
co + A

lzger — 2zl < o ek =zl < llzw — x|l (4.1.1.3)

Proof. There are two conditions different from those of Dennis and Schnabel. J;(z) may not be Lipschitz
continuous on D, and J{(J:)Jz(:r) may not be unique. Lemma 1 and Proposition 3.3.5 show that there exists
a neigborhood N(z,,r,) of z,, such that for r € N(z,,r.) and for any choice of generalized Jacobian of
Fy(zx).
(Jo(z) = So(2.))T(Azy — b)4 =0,

Fy(z.) - Fy(x) - Ja(z)(ze — ) = 0.
This implies that J7 (z)( Fy(z.) — Fa(x) — Ja(z)(x, — z)) = 0. Choose r := min(r,7.).
For the proof of the theorem, choose some fixed ¢ € (1, 3). By an argument similar to Proposition 1.3.1,

since JT(z.)J{z.) is invertible for any choice of generalized Jacobian, there is a neighborhood of invertibility,

such that for any r € N(z.,¢;) and for any choice of generalized Jacobian,

[CACINEN S
since ¢ > 1. Let
: { A —ca}
€ ;= Mmin T, €y, .
cary
Choose 3 € N(r.,¢) and then
1T (0)J(20) 7 < - (4.1.14)

Using induction, consider the case for k = 0. Then at the first step, z, is well defined and
Iy =z, =19 — 2o — (JT(0)J(20)) " I T (29) F(z0)
= (JT{z0)J(20)) T (20) Flz0) + JT (20)J(z0) (24 — 20)]
= (JT(20)J(20)) " [IT (20) F(z.) - JT(z0)(F(z) = F(zo) = J(zo)(xs — 0))] (4.1.1.5)
= (JT(20)J(z0)) " (IT(20) F(z) = JT(20)(Fi(z.) = Fi(z0) = Ji(z0)(zs — o))
+ ST (z0)(Fa(z4) = Fa(z0) = Jaoz0) (24 - 20))]-
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By Proposition 3.3.3. given the Lipschitz condition on J;,
|Fi(ze) = Fi(zo) — Ji(zo)(ze — 20)|| < %”10 -z (1.1.1.6)
Since JT(z.)F(z.) = 0. and by Lemma 1, Proposition 3.3.5, and condition 4, then
1T (z0) Fi(xe) = JT (z0)(Fa(zs) = Fa(xo) — Jo(zo)(ze — 20))]| < 0llza — 0] 4.1.1.7)

By condition 3, that |Ji{zo)|| € o and above, it follows that

Nz =zl < (I (z0) (o)) "Ml (1T (z0) Fr(zs) ~ JT (zo)(Fa(zs) = Fa(z0) — Jalzo)(za — o))}
+ 1z | Fi(ze) = Fi(zo) = Ji(zo)(xe — zo)ll]

c ay
< 5 [ollzo - =l + Fhilzo - =07

which proves (4.1.1.2) for £ = 0. From above and the choice of ¢,

co  cay
a1 = 2.l < flzo = 2l [T + S Ilmo — 2.
o A-—co
Sllzo =zl | 5 + =53

co+ A
2\
< llzo — .,

lzo — z.|

which proves (4.1.1.3) for £ = 0. The induction step is proven in similar fashion, with substitution of k + 1
for “1” and k for “0”. ||

If Fi(x.) =0, then o can be chosen to be 0, and the convergence rate is q-quadratic in this neighborhood.
o gives a measure of the size of the residuai of Fy at z,. If F is linear in some neighborhood of z,, then ¢

can be chosen to be 0, since in this neighborhood, J(z) - J(z,) = 0.

4.1.2 Adaptatior: of Levenberg-Marquardt Direction: Given a generalized Jacobian Ji of F at each

iterate xx, the search direction di solves:
(T Ik + peD)de = —g(ai) = —JT Fi,

where 4, is a non-negative scalar which is chosen so that, among other properties, (JI Ji + uxI) is positive
definite. This method is well-defined even when Ji does not have full rank. There is a sequence of iterates
{z+}, and there is a sequence of non-negative scalars {ux}. There are different techniques to choose ui so
that at each iteration, (JT Je + pkl) is positive definite. One technique is the trust region method, which
is discussed in section 4.2. Theorem 2 below, using the same conditions as Theorem 1, and the condition
that the u, are bounded, gives local convergence properties for Levenberg-Marquardt irections. See for

example, Dennis and Schnabel [1983], Theorem 10.2.6 for the smooth case.
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Theorem 2. Local Convergence of Levenberg Marquardt for Linear Inequalities

Let the conditions 1-5 of Theorem 1 be satisfied. Let the sequence of non-negative scalars. {ux}. be
bounded by M > 0. If o < A, then for any c € (1,28, there exists ¢ > 0, such that for all x5 € N(r..¢).

the Levenberg-Marquardt iterates:
Teer = xk = (ST Tk + )T IT R,

are well defined and obey:

clo + M)

cary o

+1 7 L < T A — L«

foes =2l £ S o a4 5o~ )
clo+ M)+ 2+ M

lzkse1 — 2.l < 20+ 1) lzk = zoll < llze — z.).

Proof. Choose a neighborhood N(z.,r) about z, as in Theorem 1. Since ¢ < A, choose

A+ M
ceE <l,m)

Then ¢ > 1. Choose ¢; such that JI Jo + ol is invertible and satisfies for zo € N(z.,€1):

c

JTJ < .
I{(Js Jo + uol) H_A+M

Then let

.{ A+M-da+Mq
€:=min{r,ey, .

cary

The proof then follows the same pattern as Theorem 1. ||
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4.2 Global Convergence Results

There are two basic approaches to assure that iterates, starting from any initial location, converge to a
stationary point. These are the inexact line search methods and the trust region methods. In section 1.5.
the Armijo line search properties and the global trust region method are described for the smooth case. It is
usually appropriate to apply the line search method in combination with steepest descent and quasi-Newton
search direction methods, since these methods produce descent directions, directions d such that (d. g(x)) < 0.
Global trust region methods derive the step (scaled direction). If the model function is the second order
Taylor series approximation, then one might consider the direction to be a Newton-like direction. in that it is
derived using Hessian information. If the model function uses JT(z)J(z) to approximate the Hessian. then
direction is related to a Gauss-Newton direction. If the model function uses J”(z)J(z) + p/ to approximate

the Hessian, then the direction is related to the Levenberg-Marquardt direction.

4.2.1 Inexact Line Search: We analyze properties of the function f, given by (3.1.2), necessary for the
Armijo line search to assure global convergence to a stationary point. See the Armijo line search algorithm,
(1.5.2). Notice that the function f, given by (3.1.2), is bounded below by 0. Further, Vf; is uniformly
Lipschitz of rank [|A]|? on all R*. A well known result, due to Wolfe [1969,1971], shows the conditions for

the global line search to converge to a stationary point.

Theorem 3. Wolfe’s Global Line Search Theorem. Let V f be order 1 Lipschitz continuous on {z] f(z) <
f(zo)} of rank v. Suppose an algorithm produces Armijo stepsizes, Ak, with descent directions di, satisfying
for all k:

(Vf(zk), Adx) <O or dx=0.

If f is bounded below and the angle between di and —V f(z) is uniformly bounded away from orthogonality

then, either:

Vf(zx) =0, somek or klim Vi(ze) =0.

The function f, given by (3.1.2), satisfies the conditions of Wolfe’s Theorem, if V f| is Lipschitz contin-
uous on {z| f(z) < f(xzg)} of some given rank, say v;. Therefore, no adjustment is needed in the global line
search method to account for the generalized Jacobian of f,. If a search direction method is chosen which
assures descent directions, and if the method assures that the directions and the gradients are uniformly
bounded away from orthogonality, then the Armijo line search assures global convergence to a stationary

point. Such direction methods could be Levenberg-Marquardt or a positive definite quasi-Newton method.

4.2.2 Global Trust Region Method: See (1.5.3) and (1.5.4). To analyze the global trust region method.
one considers the model function and how accurately it approximates the function, f. However, higher
accuracy implies more difficult computations to form and solve subproblem (1.5.3). We consider two model

functions, both using generalized Jacobians for forming the model. Suppose H(x) is a generalized Hessian
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of f(x), and J(r) is a generalized Jacobian of f(z). Let

M(s) :=f(z) + (g(x).s) + l(s, H(zx)s) be the Hessian (or Newton) model,

[\

L(s) :=f(z) + (g(z), s) + ={s,JT(z)J(z)s) be the Gauss-Newton model.

0| —

Consider the generalized Hessian model first. The method finds a specific step s to satisfy agreement between
the model function and the function f. An initial 4, > 0 and z, is chosen. Using the current iterate function
value, gradient, and the generalized Hessian at xi, form the model function My(s). The subproblem below

is solved for si:

min  Mi(s) subject to ||sf| < é. (4.2.2.1)
L)

For theoretical convergence results, assume that the subproblem is solved exactly. s, gives the step which
minimizes the Hessian model (4.2.2.1) in a bounded ball about z,. How does the reduction in the f compare
with the reduction in the model function? Calculate the ratio:

fx) = flze +s6) _ flzi) = fl@e + sx)

TS TNM0) - Mi(s) . f(ae) - Ma(sw) “4222)

Define the step parameters and the trust region size parameter, the same as in section 1.5, denoting the
iterate subscript k. Let
Afx = f(zk) — Flze + si),
AM;‘ = Mk(O) - Mk(sk).

1) If ry < .25, then set 8,4 = ||skfl/4.
If r« > .75 and [[{sk|| = 8k, then set 61 = 28k,
otherwise, set 6,1 := &k.
2) If ri <0, then set x¢., ;= zi; else, set next i,y := Tk + 8.
Steps which reduce the objective function are called successful steps. The others are called null steps.
If r < .25, then the step is called a region-reducing step. One may consider choosing a different generalized
Hessian, if there is a choice, when taking a null step or a region reducing step. If there is an infinite sequence
of iterates, then either the region reducing steps have an infinite subsequence or the steps, where r > .25,
have an infinite subsequence or both. Suppose there is an infinite number of iterates. If §; — 0, then an
infinite number of iterates must satisfy, r, < .25, in order that §; — 0, meaning that there must be an
infinite subsequence of region reducing steps. If there is an infinite number of iterates and inf; §; > 0, then
there must be an infinite subsequence of iterates, k, where r; > .25.
A first order condition for z, to solve (3.1.2) is that V f(z,) = 0, or, equivalently, for all p, (V f(z,),p) >
0. A point z, satisfies second order minimality conditions if for every generalized Hessian at z. and every
p, {p, H(z,)p) > 0. Define “little 0" notation, o(e), which means that a = o(h) <= £ —0,a3 h — 0. We

use this notation to discuss order of convergence, such as linear or quadratic.
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Proposition 4.2.2.1.

Let S be a bounded set. Let f; be C? on R, and V?f, be Lipschitz continuous of rank v on S. Let
z., {zk}2, € S, for all k, and let ||si]] — O and rx — z,. Then there exists an infinite subsequence of

iterates rx, k € L satisfying,
o
|f(ze + sk) = Mi(se)] < gl!Skl|3~

Proof. £ denotes the set of indices of the subsequence. Since f; is C?, and its Hessian is Lipschitz
of rank v on S, one can approximate f; second order with the first three terms of the Taylor series. This

property is easily verified. Given =, the Lipschitz constant for V2f, on S, let z,z + p € S, then

il +p) = fil2) = (Vi(@).) = 500, V2 Fil@)p)] <

1 1
/ ( [ 19252z + 191 = 2@ ool dt) lpll dt <
o] Q

/01 ( /01 ~liepll Pl dt) fipll dt <

1
| 3ot e < el

For the proof of the proposition, since sy — 0, let K; be sufficiently large such that for some k > K|,
Proposition 3.1 assures an identification neighborhood N(zx + sk, %) about zg + sk, such that z, € N(x +

sk, Tx). By hypothesis that V2f; is Lipschitz continuous of rank v on S and the above result, then

fulex + ) = fulze) = (VA2 38) = 5ok, V2 u(@)sn)] < Tlsel®

By Proposition 3.3.8, for zx € N(zx+s3k, rx) and for any selection of generalized Hessian Hy(z) = JT (z)J2(z).

then
Faan + 5k) = falen) = (o, D falan)) = 3 on, IF (2) Ta(aw)su) = 0.

This implies for this k > K, that the part of the model for f;, denoted M, satisfies:
M3 (sk) = falzi + k).

Therefore,

N
[f(zk + sk) — Mi(sk)] < g||3k||3~

Let this k € L.

Now, since {z4}72, is an infinite sequence, {z«}?2 k, . is an infinite subsequence. Since |[si|| — 0. find
K3 sufficiently large such that for some k > K; > K, one can again form an identification neighborhood as
above. Repeat this process, forming an infinite subsequence of indices k € L. ||

Proposition 4.2.2.1 means that f(zx + sx) — Mk(sk) = o(|}s«||?) for k € L.

We state and prove the global convergence theorem, which is a generalization of Fletcher[1987].
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Theorem 4. Generalized Hessian Model Global Trust Region Convergence

Let f be given as in section 3.1. For the trust region method applied to the generalized Hessian model.
let {zx}32, € S, where S is bounded. If f; is C? on S. and its Hessian is Lipschitz of rank ~ on S. then
there exists an accumulation point z, which satisfies first and second order optimality conditions.

Proof. If inféx = 0, then by the discussion above, there must be an infinite subsequence of region
reducing steps, and hence, steps where r; < .25. Denote £, := {k|ri < .25}, where inf §x = 0. If inf 6, > 0.
there must be an infinite subsequence of iterates such that ry > 25. Denote £, := {k|r, > .25}. At least
one of the two cases occurs, and by S being bounded, the infinite subsequence has an accumulation point,
which is denoted z,. Consider the two cases:

1. r¢ < .25, 6k — 0 and. hence ||si|| — 0. k € Ly,

2. r, > .25and infé, >0, k € L,.
Case |: Let g, denote V f(zx). Argue by contradiction. Suppose there is a descent ‘direction p at z., with
[lpll = 1 such that

(P, ge) = —a < 0. (4.2.2.3)
By Proposition 4.2.2.1, there exists an infinite subsequence of iterates zx, k € L C £y, such that for ke L
flzx + sx) = Mi(si) + o(llsel®),
Ofe = OMi + o(fisil?).

Consider a step of length ¢; = ||skf| along p. Since for any choice of generalized Hessian, Hy is uniformly

(4.2.2.4)

bounded on S, and by optimality of (4.2.2.1), it follows:
AMi 2 My (0) — My(exp) = —(gk, €xp) — (exp, Hrexp)

= —(gk, €xp) + o(ex)

= exa + o€ ),

by continuity of (e,e) and (4.2.2.3). Forming the quotient ri, since exa + o{ex) < AM,, for k € L, then

Since ¢, — 0 and by (4.2.2.4), then r — 1, which contradicts that r;, < .25. Thus, it must be that g, = 0.

Again, arguing by contradiction, if not all generalized Hessians at z, are positive semi-definite. then
there must be at least one second order descent direction. We choose a specific normalized descent direction
d. along with a particular generalized Hessian H. at z., for which (d, H.d) < 0 is furthest from zero. Let d

or its negative be a descent direction with ||d|| = 1, and the generalized Hessian H, at z, solve:
min H(z,
o (p, H(z.)p)
subject to: H(z,) € dV f(z.)
lipll = 1.
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A solution pair (d, H.) for the above problem exists, because of the compactness of the generalized Hessian
set, 3V f(z,). and since we assume at least one such direction and generalized Hessian exists, by our argument
by contradiction. Therefure, for the solution (d, H,) of above, {d, H.d) = —a for some a > 0. Then for all

H{z.) and for all directions p. such that ||p|| = 1.
(p.H(z.)p) > (d, Hd) = —a < 0. (4.2.2.5)

Notice for £ € £ C L;. for any other generalized Hessian of f;, denoted H), and its associated model

function, denoted M?', at z + s, that
Falze + sx) = ME(si) = MY (s).

For k € L C L;. choose a step length of ¢, for direction od, where ¢ = %1, so that {(gi.0d) < 0.
Notice that od also solves (4.2.2.5). Now, by the upper-semicontinuity of the generalized Hessian map.
Hi, — H(z.) € 3V f(z*). Then by optimality of (4.2.2.1), and by the upper semi-continuity of the generalized

Hessian,
OAMi > Mi(0) — Mi(exod)

> - 5eb(d, Hud)
= 5, H(z)d) + o(e)
z%&a+dd)
Again, one can form the quotient ratio ri, as above, and from (4.2.2.4), then r, — 1 which contradicts that

re < .25. Thus, H, is positive semidefinite, and any choice of generalized Hessian at z, is also positive

definite. That is, for any direction p, such that ||p|| = 1, it follows that, for any A >0

0< (d- Hod) < (P,H(I.)P)
0 < (M, HoAd) < (Ap, H(z.)Ap).

Case 2: In this case, there is a subsequence k € £, where fy — f, = 307, (fx — fes1) 2 Lkec, Ofc 2
25 Zkec, A My, since r, > .25 for k € L,. Since f is bounded on S and z, € S, then f, — f, is uniformly
bounded. and it must be that AM; — 0. Let & satisfy: 0 < § < inf 6. Let §and H., a particular generalized
Hessian of f at z,, solve:

i ,H(z.
,min (s, H(z.)s)

subject to: H(z.) € dV f(z.) (4.2.2.6)
sl < 8.
(4.2.2.6) has a solution since the generalized Hessian set is compact. Define M,(s) := f.+ (s, g.) + %(s. H,s).
Define z := z, + 3. For sufficiently large k, by choice of 8, and since z, is a cluster point of {z«|k € L;}.
then

2 - zell < 180 + lzx = zoll =< 8+ llza — 2o} < b
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This implies £ — z; is feasible for the subproblem (4.2.2.1). Thus,
M (2 —xi) 2 Mi(sk) = fo — OM,,

since sx solves the subproblem (4.2.2.1). In the limit, fi — f., g« — g«, AMi — 0. and # — £ — 5. Since

H. solves (4.2.2.6), then for any other H(z,). define

MUE) = fo +(5.9.) + =(5. H(z.)35) > M. ().

!
2
and then

M.(3) > M.(3) 2 f. = M.(0) = M(0).

.

Thus, s = 0 also minimizes M, (s) on ||s|| < é. Since the constraints are not active at s = 0, then first and
second order optimality conditions must be satisfied for the subproblem (4.2.2.1). That is, g. = 0. and H,

must be positive semi-definite. Therefore, on ||s|| < § and for any generalized Hessian H(z.) at z., then
0 < (3 H..3) < (s, H(z.)s).

This implies that H(z.) is also positive semi-definite. ||

If the lower level set of the first iterate is bounded and since the function values at the iterates decrease
or stay the same, then he existence of the bounded set S required for the theorem is satisfied. The coercive
properties of a function for which this is satisfied are discussed in section 4.3. We show in section 4.3, that
this condition is satisfied for the specific function f determined by (2.5.1). If the sequence of iterates are
finite, that is AM; = 0 for some k, then first and second order optimality conditions are satisfied, by an
argument similar to the one in case 2 of Theorem 4.

We now consider the Levenberg-Marquardt method based on a trust region method. Let zx € R™ and
J(zi) be a generalized Jacobian of f at . The generalized Jacobian model function for the non-linear least

squares problem is:
M(zn + 94) 1= f(za) + (T f(zn),98) + 5050, ST (2R} (2r)0).

Let
By = J(z)T J(zi).

In solving for the model trust region, one wishes to find the direction s; of norm less than or equal to some
& > 0, such that in this direction, there is agreement between the decrease in the model function and the

decrease in f. Find s, which solves:

min f(zx) + (9f(2n),8) + 505, T (z)I(2n)s)

subject to: (s, s) < 62

(4.2.2.7)

The following proposition shows the conditions for optimality and uniqueness of a solution of (4.2.2.7). This

proposition is found in most elementary material. See, for example, Fletcher{1987].
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Proposition 4.2.2.2.
sk solves (4.2.2.7) «=> (si.s) < 8?2 and there exists ¢ > 0. such that

(B + pul)sk = -~V f{zx),
(4.2.2.8)
1((sk. sk) —6%) =0.

Furthermore, if By + ul is positive definite, then s, is the unique minimizer.

Proof: Since B is positive semi-definite, (4.2.2.7) is a convex problem. (4.2.2.8) are the KKT condi-

tions. The uniquenss of s, is assured by the strict convexity of the Lagrangian of (4.2.2.7):
1
(vf(-l'k)‘ s) + §<s (Bx + ﬂ[)s).

For the case, where u is chosen so that B, + ul is positive definite, there is a unique s,. Given a specific
5, there is an associated u which solves (4.2.2.7). The larger the §, then the smaller that 4 is. Thus, the
problem becomes: find the &, as large as possible, while still assuring By + pI is positive definite. The trust
region algorithms do not solve for u exactly. Instead, an approximation process is used, where § is decreased
or increased using the trust region parameters outlined for the generalized Hessian model. This approach
compares the changes in the model function and the function f, and adjusts § and si appropriately, the
same as for the generalized Hessian trust region method.

By choosing J,(z«) appropriately, one may avoid the need for u; > 0 at some iterates. For the function
f given by (3.1.2), choose a specific generalized Jacobian at zx, denoted J§ where for indices i € I°(xs),
choose (J{‘); = a;. If for a direction s, such that (s, a;) # 0 for at least one i € I°(z}), then for any other

choice of generalized Jacobian Jy(xy),
(JEs. JEs) > (Ja(zk)s, Ja(zk)s).

The model function based on the Hessian approximation JT (z:)J(zx) gives a positive semi-definite model.
Thus, in some cases, this choice of generalized Jacobian which gives an increase in positive definiteness may
be sufficient to assure:

(Ji(x)s, Ji(x)s) + (Jg"s, J:fs) >0,

compensating for lack of positive definiteness in the function f, at z,. This strategy of choosing the most
positive definite choice of JT(rx)J(zx) among generalized Jacobians of (Azx) — b), increases the possibility
of avoiding pxe > 0 for some iterates.

If F, is highly non-linear near a stationary point, and if the residual is large, then using the Hessian
approximation, JTJ, may not work. Varah(1990| uses statistical arguments to compare the relative sizes of
the Hessian terms in the non-linear least square problem. He reports that even when the the norm of the

term Q(z) is relatively large with respect to the norm of J7 J, the algorithm using only JTJ works well.
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4.3 Recession Behavior of the Least Square Problem Formulation

Notice in the trust region algorithm, that the existence of an accumulation point of the sequence of iterates,
xx, depends on whether the iterates stay bounded. Since the least square objective function f is bounded
below, we would like to characterize a property of f which assures, that as long as the function values at the
iterates significantly decrease (by satisfying the line search conditions or the trust region conditions), that
the sequence generates an accumulation point. One condition to avoid is that the function f(z) recedes, that
is does not increase, as ||z|| — >x. This property of a function is called recession behavior. As an example,

a function such as % recedes to 0 in the direction d = 1. Given x5 > 0 and A > 0,

1
li =
A—Er-;(-lco To + Ad

’

and ?i-;\-d- is strictly decreasing as A — +00. Another property, contrasted to recession behavior, is called

coercive behavior. Define a function as coercive if for all z,
lim f(z)=+oo as||z| — 0.

Recall that solving for
inf %((Az—b)+,(Ax—b)+) (4.3.1)

is equivalent to solving the quadratic programming problem:
inf (z,2), (4.3.2)
r,z

subject to: Az -b< z
and the optimality conditions for the unique z. and solution(s) x which solve (4.3.2) are:
ATz, =0,
Az < b+ z,,
2z, 20,
(24, Ax = b—2,)=0.
Denote the solution set of (4.3.1) as §) := {z) Az -b < 2, and (2., Az-b—2,) =0} #0. Let [ := {i|z} >0}
and I’ := {i| 2z} = 0}. Denote A, the matrix formed from the rows of A fer the indices i € I. Then
Q = {z| A;z = by + z; and Az - by <0} (4.3.3)
If d is some direction, such that for z € Q implies z + Ad € Q, for all A > 0, then:

Az + Ad) = b7 + 27 and Ap(z + Ad) — b <0.

Then for all A > 0:
A;Ad =0y, (4.3.4)

42




ApAd <0y {4.35)

(4.3.4) implies that d € A'(A;), the null space of A;. For (4.3.5), equivalently,
ap >0 implies (d. ALa) < 0.

Let
K:={ALala20r}

be the cone generated by A}',. Denote the polar of K,
K* :={d]{d, c) <0 for all c € K}.
One can express the condition that d is a direction of recession of €2, as follows:
de N(A)NK*. (4.3.6)

Recall that fo(z) := %((Ax —-b)4, (Az = b),).
Proposition 4.3.1.

Ifz ¢ Qand d € N(A[)NK*, then there exists Ag > 0, such that for A > A, then fo(z+Ad) = fa(z+Aod)
and (Vfy(z + Md),d) = 0.

Proof. For i € I, it follows that A;(z+ Ad) = Az, for any choice of . Let rr := A;d < 0. Forie I',
such that r; < 0, choose Ay to satisfy:

(z + Aod, as) — b; < 0.

For A > ), then fo(z + Ad) = fo(z + Aod). The second part of the proposition, that for A > Ao, (Vfa(z +
Ad),d) = 0 is implied by the property that fo(x + Ad) = fy(z + Aod). ||

Recall that fi(z) = %(Fl(x), Fi(z)). Since f; is bounded below by 0, then liminf, f,(y) > 0. There
may be directions along which which f; recedes to some 3, 3 > 0, never reaching it. Define a recession

direction d of fi at some z, if
lll’{l)l(l)’lf filz + Ad) = Ah_l:T;o filz+ M) <

The functions f; and f; from the problem formulated from the assignment problem in section 2 do not
have a common direction of recession. The function f)(z) = 3, w?(1 — w;)? is a coercive function. f; is
also coercive, since the polyhedral set defined by (2.3.1) is a polytope. Both f; and f; are bounded below.
Therefore, if steps of sufficient size are taken, with sufficient reduction in the objective function to satisfy the
Armijo conditions, and the angle between the step and gradient stays bounded away from orthogonal, and
if there are an infinite number of iterates, then the sequence of iterates must have a cluster point. Similarly,
for the trust region conditions to satisfy successful steps for an infinite number of iterates, there must be a

cluster point in the sequence of successful iterates.
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5 Properties of Least Square Problem for Solving a System of Convex Inequalites

One can extend the results for systems of linear inequalities to more general functions. This section defines
the least square formulation for solving finite systems of inequalities and develops approximating properties
of generalized differential constructs in modeling of convex C? functions. The results are similar to those
for the case of linear inequalities developed in section 3. In section 5.1, the least square problem is defined
for this case of convex C? inequalities, and the numerical stability of this problem is discussed. In section
5.2, the approximating properties are developed. The existence of an identification neighborhood is verified.
The details for selecting generalized Jacobians and Hessians are addressed. Using the identification neigh-
borhood property, several approximating results are developed using models based on generalized differential
constructs. In the case of a finite system of inequalities of non-linear C? convex functions, the generalized
Hessian model of the least square objective function does not perfectly approximate in the identification
neighborhood of a designated point (See Proposition 3.3.8). However, the generalized Hessian model does
provide second order approximation in an identification neighborhood of a designated point. Similar resuits
are obtained for the generalized Jacobian model of the mapping F,, as well as for the generalized Hessian
model for Vf. These approximating results are used in the development and analysis of the algorithms in

section 6.

5.1 Statement of Problem

Suppose F; : R*— R ,i=1,..., m are convex functions, which are C?. We wish to find x which solves:
F(z) <0,

in a least square sense. Define
1
f(@) = 3(Fu(@), Fr(2)).
Notice that f is a finite valued convex function, being the sum of convex functions (the pointwise maxima
of the individual convex functions and the constant function zero). We wish to find = which solves:
inf  f(z). (5.1.1)

This problem can be expressed as a convex programming problem in R™ x R™:

1
i - 5.1.2
(',',‘,f, 2<z, z) (5.1.2)
subject to:. F(z)-2z<0.

T"e infimum of this problem (5.1.2) exists, since the constraints are feasible and the objective function is

bounded below. If a solution (z, z) exists, then z is unique since the constraints are convex and the objective
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function is strictly convex . Let 7(z) be the Jacobian of F(x). Then the (KT conditions for any solution

(x,z) of (5.1.2) are:
JT(z)z=0€ R

z>0e R™,
Flz)-z<0eR™,
(z. F(z) = 2) = 0.

In section 3.2, numerical stability (based on the definition of Robinson{1975]) of the solution set of the
least square formulation for solving systems of linear inequalities was established. Robinson{1976] treats the
case of systems of inequalties of nonlinear functions and shows an equivalence between regular systems and
stable solution sets. For the case of a system of inequalities of convex C? functions defined in (5.1.3). the

formulation as a least square problem also yields a system of inequalities which are regular, and hence the

solution set is stable.

5.2 Approximating Properties of Taylor Series Using Generalized Differential Constructs

Since we assume F is convex and C? and hence finite, then F, (z) is Lipschitz continuous of some rank v
in a neighborhood of z, and then there is a well-defined generalized Jacobian set of F'. (z). Since the gradient
of f(x) exists and is Lipschitz continuous on lower level sets, then there is a well-defined generalized Hessian
set of f(r), comparable to the linear case in Section 3. We use the same notations for these constructs in
this section, as in Section 3. Denote the Jacobian of F' at x as J(z}. Using the definition of the generalized

Jacobian, similar as in Section 3, the possible choices of generalized Jacobian J(z) of F.(x) are:
0 if Fy(z) <0,
J@,7) =4 J4,j) if Fi(z) >0,
/\,’J(i,j) if F;(I) =0, where )\; € [0, 1].
Proposition 5.2.1. Existence of Indentification Neighborhood

Let z, be given and let
I°(z.) := {i|Fi(z.) = 0},

I[7(z.) = {i|Fi(z.) > 0},
I (z.) := {i|Fi(z.) < 0}.
Then there exists a neighborhood N(z.,r) of z., such that for z € N(z.,r),
P(z) c I°®.),
I*(z.) = I (z2)\I%(z.), (5.2.1)
I"(z.) = [T (2)\[°(z.).
Proof. Define C; := {z| Fi(z) < 0}, and note that since each F; is convex and C? and hence finite, then

each C; is closed and convex. If i € [~ (z,), then Fi(z.) < 0, and since each F; is continuous there exists

a neighborhood N(z.,r;) about z.. such that for z € N(z,.,r;) implies Fi(z) < 0. If it € I*(z.). then
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F,(r.) >0 and r, ¢ C, which is a closed convex set. Thus, there exists a neighborhood N(zx,,r,) about z,.
such that for r € V(r,.r,) implies F,(x) > 0.
Choose r > 0 so that,
r < min{r,}.
If r € Niz,.r). then
Ptxyc P(x.),
[7(z.) = [T (@\°(z),
I"(z,) = IT(x\[(z.).

Proposition 5 2.1 shows the existence of an identification neighborhood holds for the C? convex functions.
In the linear case, one can perfectly model (Ar, —b). from points in an identification neighborhood using the
first order Taylor series based on any choice of generalized Jacobian. For the case of systems of inequalities
of convex C? functions, the proposition below shows that the generalized Jacobian model attains first order

approximation of F.(r.) from any point r within this Proposition 5.2.1 neighborhood of a point z,
Proposition 5.2.2. First Order Approximation Using a Generalized Jacobian Model

Let z, be given and let N(x..r) be an identification neighborhood which satisfies (5.2.1) in Proposition
521 Let r € N(z..r), and let p := z, — z. Since each F; is C? convex, denote v to be the Lipschitz
constant of 7 F on N{z..r). Then the following holds:

1. For any J(x) € 0F_(z).
F.(z +p) = F.(z) - J(z)p = o(||pl}),

and specifically,
~
IF-(z + p) = Fe(z) = J(@)pll < 5lplI*.

2 For z € N(z,.r), any generalized Jacobian J(z.) € 8F, (z.) satisfies:

|F-(2) = Fu(z.) = J@)(=p)| < Tl ipl + 5 P11

3 For a particular £ € NV(z,,r), there is at least one generalized Jacobian J(z,) € dF.(z.), which satisfies
for this particular z:

IF-(2) = F-(z.) = J(z)(-p)I < S Il”.

Proof. For . since N(z,,r) is bounded. and F is convex and C?, and ~ is the given Lipschitz constant

of J/zi. then the Jacobian of F on NV(z,.r) satisfies, by Proposition 3.3.3,
v
IF(z +p) - F(z) - J(z)pll < Pl

Note that £ + p = z,. Consider any 1
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1.1 If i ¢ I°%(z.), so 1 ¢ I%(z) and thus, i € [~ (z) U I7(z). In these cases, (J(z)); is unique.

1.2 Ifi e I%z,) and i € [~ (z) U [*(x), then, as above, (J(z)); is unique. If i € I°(z). then F,(z) = 0 and
since F; is convex, then Fi(z+ap) < 0, for any a € [0, 1]. Since Fi(z.) = 0 = F,(z) can be approximated
first order about z, by using (J(z)):. then choosing (J{z)); = A(J(z));, for any A € [0, 1]. gives just as
good or an even better approximation. Specifically, from the Lipschitzian property of J(z). for some
Y.

|Fiz.) = Fi(@) = (T@)pl < 2 lpl

This means that

F(za))i = (Folx))i = MT(2))spll
= = MJ(z))pl
Vs 2
< AZ el
RLETIRTY:
< S lell*.

In either case 1.1 or 1.2, then
5
IF+(z +p) — Fe(z) = J(z)pll < §IIP||2-

For 2, since JF is Lipschitz continuous of rank +, and since all the error in approximating F. (zr) using a

first order approximation at z, is contained in the components with indices i € I°(z, ), then

IF+ (@) = Fr(z2) = J(@) (=P < 1 Troganl Pl + P11

For 3. let a particular z € N(z,,r) be given and let
I° =%z )\I°(z),
It :=I"(z) N I%.),
[~ :=I"(z)n I%z,).
For i € I, choose (J(z.)); := (J(x.))s; for i € I, choose (J(z,)); := 0; and for i € I?, choose (J(z.)); :=

M J(z.))i, where A € [0,1]. Then this particular choice of J(z.) € dF;(x.) satisfies for this particular z.
by 1 and 2 above, and direct calculation,

IF+(2) = Fu(z.) - J(z)(=p)I < 5llpI™

The gradient of f(z) is well-defined on R™. Vf(z) = JT(z)F.(z), for any choice of J(z) € dF.(z). Vf
is continuous, being the gradient of a differentiable convex function. Since f is convex, bounded below and
continuously differentiable, then the gradient of f is Lipschitz continuous (order 1) of some rank < on lower

level sets. If M > 0 and S := {z] f(z) < M}, then there exists vy > 0, such that for u,v € S,

IVf(u) = V@) < vliu -]l (5.2.2)
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Therefore, the generalized Hessian set of V f(z), denoted dV f(z), is well-defined on S. Selecting a generalized
Hessian for f is done similarly as in section 3. Let ['; denote the Hessian of F;. One can calculate the
generalized Jacobian of Vf(z) = JT(z)F,(z), using the definition. Let © be the set of points where Vfis

not differentiable. Calculating any limit Hy as y; — z:

Hi = lim V2 f(y) where y; ¢ Q

yi—z

= lim J(J(y)T)Fe () + T ()T T (1) where y; ¢ Q

wi—z

= lim > Tuw)Fly) + J(w) T (u) where y ¢ Q.

1 —ZT

il ()

where I*(y1) := {i| Fi(y:) > 0}. Using the same type of argument in Section 3, one can show the choices of

generalized Hessians depend only on the choice of generalized Jacobian, J{z) € 8F (),

H(z) € 3(JT(z)F.(z)) < H(z)=JT(z)J(z) + Z [i(z)Fi(z) for some J(z) € 8F,(x). (5.2.3)

e [+(z)
Proposition 3.3.8 assures that the generalized Hessian model (based on any generalized Hessian at r )
attains perfect approximation of the linear inequalities least square function at x, from any point z in an
identification neighborhood of z.. Proposition 5.2.3, below, shows that the generalized Hessian model (based
on any generalized Hessian at z) attains second order approximation of f{z,), the least square function of

inequalities of convex C? functions, from any point z in an identification neighborhood of z..
Proposition 5.2.3. Second Order Approximation Using a Generalized Hessian Model

Let z, be given and let N(z,,r) be an identification neighborhood which satisfies (5.2.1) in Proposition
5.2.1. Since F is C? convex on N(z.,r), let v be the order 1 Lipschitz constant for Vz(%’(F(I), F(z))). Let
z € N(z,,r) and let p := z, — z. Then for any J(z) € 8F,(x) which determines some H(z) € 8V f(z),

flz+ ) ~ () ~ (b, V(=) + 5 (o H(@)p) = ollpl”,

or specifically, for the Lipschitz constant, v, of VQ(%(F(::), F(z))):

7z +2) = £2) = b, V(z)) - 5(p. Hp)] < Il

Proof. The proof is similar to the proof of Proposition 5.2.2. Note that z + p = z.. Let v be an order 1
Lipschitz constant of V’(%(F(z), F(z)) on N(z,,r), which exists xince N{xz,, r) is bounded and F is convex
C?. Consider any i:
1. Ifi¢ I°(x,), then i ¢ [°(z). If i € [~(x)U I*(x), then (J(z)); is unique.
2. IfieI%z,). Ifie I (z)ul*(z), then (Jo(x)); is unique. If i € I°(z), then there are other possible
generalized Jacobians, J(z} € dF, (z). Notice that the Hessian term canceis out, since F;(z) = 0. Since

%(F‘ (z +p), F(z +p)) can be approximated second order by the second order Taylor series about z using
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the Hessian mode] with Vz%(F(I), F(z)), then choosing (J(x))i = A(J(x));, for any A € [0.1]. gives
just as good or an even better approximation, as in the proof of Proposition 5.2.2.

In either case, then

F(z +9) = £(z) = (. VI (@) ~ 5. HEP) < LIl

From (5.2.3), any generalized Hessian H(z) of f at z can be written as
H(z) = JT(z)J(z) + Q(x)

where Q(z) : = > Ti(z)Fi(x). (5.2.4)
€L (2)

Lemma 2.
Let r, be given. Then there is some ¢ > 0 and there is a neighborhood N(z,,r) of z., such that for

z € N(z,,r), given any J(z) € 8F, (z) and any J(z,) € dF, (z.),
I(J(z) = ()T Fo(z)ll  ollx - =]l
Further, there is some 3 > 0 such that for any r € N(z,,r), any J{z) € 8F,(z), and any J(z.) € 3F,(z.),
I(J(z) = J(2)T Felzs) = Qlza)(z = 2| < Bllz ~ z.||*.

Proof. For the first part, let I*(z,) := {i[(F(z.}); > 0}. If F(z.) < 0, then the lemma is satisfied. so
consider the case where I*(z.) # @. Form a neighborhood, where r > 0 is chosen so that if r € N(z..7),
then
IT(z.) C I (z) := {i| (F(z)); > 0}.
For indices i € I*(z,), then (J(x)); is unique and (J(z,)); is unique. Since F is convex C?, then JF(z) is
Lipschitz continuous, of some rank ~ of order 1 on N(z,,r). Then one can approximate:
I(J(z) = J@)TFa()l = 1| Y, (Jilz) = Ji(z)Fi(za)l < vIiFe(z)l Iz - 2. < ollz — 2.,
€T+ (z4)
for any o > || Fy(z.)||.
For the second part, since F is C? convex, let 4q be the order 1 Lipschitz constant of Q(z) on N(z,,r).

This implies there exist +; for i € [*(z,) and = € N(z.,r), such that
1(J(2) = J(z))s = Tilz)(z = 2| < wllz - 2.

It follows for any = € N(=z,,r), any J(z) € dF,(z), J(z.) € OF.(z,), then
1(J(z) = J(z)T Fi(za) = Q(za)(z — z.)| = || Z Fi(z.)((J(z) = J(z.))i = Ti(z)(z — 1)l

1€ [*(3-)
< |Fe(z)llvgliz = zlf?

S B“l - It"2v
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since for 1 € I (z.), (J(z)); is unique and (J(z.)); is unique. ||

Lemma 3, below, shows that the first order Taylor series of Vf (about a point z in an identification
neighborhood of a point x, ) based on a generalized Hessian of 8V f(x) attains first order approximation. The
lemma also shows for each particular point z, the existence of at least one generalized Hessian H; € dV f(z.)
for which the Taylor series about z, models V f(x) first order. The notation H} € 9V f(z.) is used since

the Taylor series about , using this particular generalized Hessian H! models V f(z).
Lemma 3. First Order Approximation of V f.

Let z, be given. Let N(z.,7) be a Proposition 5.2.1 identification neighborhood of z.. Since F is C?
convex, let v be an order 1 Lipschitz constant of V2(%(F(x), F(z))) on N(z.,r). Then for z € N(z..r) and
for any J(z) € 8F . (z) which determines some H(zx) € 9V f(z),

IVf(z.) = Vf(z) - H(z)(z. - z)|| = ollz. -z,
or specifically, for the Lipschitz constant ~:
IV£(z.) = V(z) - Hiz)(@. - )| < Zlen - 3ll”
Additionally, for each particular £ € N(z,,r), there exists a generalized Hessian, H} € dV f(z.), such that
IVf(@) - Vi(z.) - Hi(z - z)] < Zllz - ="

Proof. Let p = . — z. For the first conclusion, use the same argument as for Proposition 5.2.2. Since F is

convex C? on N(z,,r), then Vz%(F(x), F(z)} is Lipschitz continuous (order 1) of some given rank v. Then
I17(z +p)TF(z +p) = I ()T F(z) - T (@) T (z)p - 3_ F(@)Tu(@)pll < ZlIpl1>.

Now, for each i consider the same cases as in Proposition 5.2.2. The only case where there is not a unique
choice of generalized Jacobian, J(z) € 8F, (z), is for i € I°(z,)NI°(z), where again, any choice of generalized
Jacobian gives a even better or just as good an approximation, as in Proposition 5.2.2. Therefore, the first
conclusion follows.

The second result uses the same argument as in Proposition 5.2.2. ||

An approximating property of Lipschitz continuous Jacobians follows:
Proposition 5.2.4.

Let G : R* — R™ be C!. Let z, be given, and let the Jacobian of G, denoted JG. be Lipschitz

continuous of order ~ on some neighborhood N(z,,r). Let u,v € N(z.,r). Then,

IG®) = G() = T (2)(w = w)ll < F(lv = 2l + llu = zulDllv - ul.
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Proof.
1
IG(v) = Glu) = T(z)(v —u)l| = | (/O J(u+t(v - u))dt) (v —u) = T(z)(v — u)]|

i

S/ N T (u+t{r = u)) = T(z) dt |[{v — u)|
Q
1

s/o YT = t)u + tv — z.|| dt || (v — u)||

1
= /0 YL =) (u — z.) + t(v — 2] dt [(v = u)l]

1 1
(/ (1 =) dt | (u~ 2. +/ tdt ||(v-x.>||) TO
0

5l =2l + 1w — 2D o —u]l.

<

Nl-) =2

The result below shows one more approximating property, relating other points in the identification

neighborhood of a point.
Lemma 4.

Let z, be given. Let N(z.,r) be a Proposition 5.2.1 identification neighborhood of z., and let u.v €
N(z.,r). Then there is some o0 > 0, such that any J(v) € 0F(v), any J(u) € dF(u) and Q(z.) =
3 r+(zo) Ti(@e) Fi(z,) satisfy:

(I () = JNT Fe(ze) = Q(ze)(v = w)l| < o(f|v = zall + lu = zu|)lfo — ul]
Proof. Let N(z,,r) be an identification neighborhood of z,. Let v; be the order 1 Lipschitz constant of I,
on N(z.,r), and let w,v € N(z,,r) and J(v) € 3F (v), J(u) € dF (u). Then

I(J(v) = J@)TFe(ze) = Q@) w -w) = || Y FF(@)((J(v) = J(w) = Tulz)(v = u))ll.

tEl+(2-)

Since I*(x.,) € I*(u) and I*(z.) C [*(u), then if i € [*(x,), then ¢+ € [*(v) and i € [*(u), and
(J(v))s = (T (@), (J(u))i = (J(u));. By Proposition 5.2.4 above, for each i € I*(z,), then

I(J(v) = J())s = Dul@a)w = )]l € F (v = 2.l + llu = ze])lo = ul,
and then
Y Fr)((J() = J()) = Tu(z)v - w)|| €
€+ (z.)
> (@) ly -zl +llu = zlv - ull <
icl*(z.)

o(llv = zuf| + llu = z.|Pllv = ull,

where 0 = || i pv 2y TET (-
H
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6 Generalization of Algorithms for Solving a System of Inequalities of Convex C? Functions

In this section, we develop algorithms for solving the system of inequalities of C? convex functions in a least
square sense and analyze convergence properties of these algorithms. Refer to the algorithms described in
section 1.5 for the solution of least square problem of systems of equalities. We extend these algorithms for
the case of inequalities of convex C? functions using generalized differential constructs. In section 6.1, local
convergence results are addressed. We extend Newton's method and show g-quadratic local convergence.
We compare this method with the generalized Newton's algorithm for nonsmooth functions developed by
Robinson[1990] which he bases on a point-based approximation. We develop and analyze a quasi-Newton
symmetric secant update in this section and define a bounded deterioration property for secant updates
using generalized differential constructs. By assuming this property holds for the secant updates. we show
local g-linear convergence. The extensions of Gauss-Newton and Levenberg-Marquardt methods for the case
of systems of convex C? inequalities are discussed, as well as the local convergence results. In related work.
Burke[1983], and Burke and Han[1986| describe a method for solving this type of system of inequalities.
using the distance function as a penalty type objective function and projections to derive search directions.
They present global convergence results for their search direction using an Armijo line search method. Their
local second order convergence result for the non-linear functions depends on the Mangasarian Fromowitz
constraint qualification (MFCQ) condition, which is discussed with the results in this section.

In section 6.2, we discuss global convergence of the Armijo line search and trust region method applied
to solving a system of inequalities of convex C? functions and equations of non-linear C? functions in least
square sense.

Consider the problem, similai to (3.1.2), with the function F,, now being convex in each dimension, and
C?. That is:

Fi :R" — R™'  where F, is C?,
F:R" — R™?  where F; is C? and component-wise convex,

and we wish to solve:

1

inf f(z)  where f(z) := fi(z) + fa(2) := 5(Fi(2), Fi(2)) + 5(Fy (2), T (2)). (6.1)

MI»—-

Denote '} to be the Hessian of (F); and I'} to be the Hessian of (F;);. Denote Ji(z) to be the Jacobian of
F\(z), and J5(z) to be a generalized Jacobian of F,". Then a generalized Hessian of f is:

H(z) := Hi(z) + Ho(z) = JT(2)Ji(z) + Zr‘ i+ T @)z + D Th)(Fa().
€l+(z)
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8.1 Local Convergence Results

Local convergence results use the unscaled search direction, as in section 4.1.
6.1.1 Newton-like Method for Solving V f(z) = 0: Define the generalized Hessian Newton Method for

minimization, where H\ denotes a generalized Hessian at iterate zx. Then dj solves:
Hpdi = =V f{zk),

where T., 1 = x + di. A solution di exists and is unique if H, is invertible.

Theorem 5. Newton-like Method for Solving Convex Inequalities and Non-linear Equations in a Least

Square Sense.

Let f be given as in (6.1), where F; is C? and F; is C? convex. Assume there exists r,. such that
Vf(ze) =0.
1. Let r > 0, and let N(z,,r) be a neighborhood on which V2f, is Lipschitz continuous of order 1 for
some rank, v; > 0.

2. Let some 3 > 0 be such that any generalized Hessian H(z,) € dV f(z,) is invertible and satisfies:

B

IH @l < 5.

Then there exists ¢ > 0, such that if 2y € N(z.,¢), then the sequence of iterates, ¢, ; = zx—H " (zi)V f(zk)

are well defined and converge to r, and satisfy for some v > 0,
|zes1 = zall < Bllze — .12

Proof. Since, by hypothesis, all the generalized Hessians H(z,) € 9V f(z,) are invertible, Proposition 1.3.1.
assures a neighborhood of invertibility about z.. By choosing ¢ sufficiently small, for any z € N(z..¢). and
any H(z) € 8V f(z), then H~!(z) exists and

IH (=)l < 8.

By Lemma 3, since F; is convex and C?, and choosing ¢ sufficiently smaller if necessary so that N{(z,.¢)
is an identification neighborhood of z,, then for some v;, for £ € N(z.,¢) and any generalized Hess’ - of
fa(x), Ha(z), it follows that

IV fal2.) - Vr(a) - Ha(z)(ze = ) < Fllze = =l

Given 1, that V2, is Lipschitz continuous of some rank v, on N(z.,r), then for v = v1 + v2 > 0, choosing

¢ < r, then for all z € N(zx,,¢):

IVf(z.) - Vf(z) - H(z)(ze — T)|| <20 - 2l
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Choose ¢ smaller, if necessary, to satisfy:

< min 1—1—
€ ‘3’7 .

We show the case for k = 0. Since H "!(z) exists on N(z,,e¢), then z, is well-defined and satisfies, for any

generalized Hessian of H{zg):

T, —Zs =0 — T4 — H Y (z0)V fz0)
=z — 2. — H™ Y (x0)[Vf(z0) - Vf(z.)]
= H Y (z0)[V f(z.) = Vf(z0) — H(zo)(zs — z0)]-

Using the result above, then

lz1 = zoll < I|H Y (zo)l| [V f(zs) = V(z0) = H(zo)(zs = z0)]l|

< Bvllzo - z.||%.

Using induction for the general k and k + 1 is accomplished the same way. ||

This result establishes g-quadratic local convergence of this Newton-like method based on generalized
Hessians. Robinson[1990] extended Newton’s method for nonsmooth functions having a point based approx-
imation satisfying second order approximation. For our special least square function, using a linearization
about z; based on a generalized Hessian at x; to model V f(z.) assures a second order point based second
order approximation. Robinson’s point based approximation is not required to be linear and thus, rather
than using the Banach lemma for invertibility, he develops an implicit function property of invertibility which
handles the non-linear point based approximation. Our result is specialized in that we define a specific linear
point based approximation. The result in Theorem 5 closely parallels the traditional proof for the smooth
case. Robinson showed how to use a point based approximation to get a convergent Newton’s method, while

this work shows that a system of linear equalities naturally gives rise to a point based approximation.

6.1.2 Adaptation of Symmetric Secant Update Quasi-Newton Direction: A problem with using
Newton's method for finding search directions is that the Hessian or generalized Hessian may not be positive
definite, and possibly not invertible, so d may not be a descent direction. However, even if the generalized
Hessians are all positive definite in a neighborhood of a stationary point, the difficulty in computing the
Hessian at each iterate is another reason that practical algorithms use a quasi-Newton method. This approach
uses Hessian approximations, avoiding computational steps to calculate the full Hessian. We extend the
special symmetric secant update method for least square nonlinear equations to solve for a zero of V f(z).
The method uses the available generalized Jacobians, J(z), and uses a secant update, By, to approximate

the second order term:

ml
Bi~Q(zi) = ) _(Fi(zo))Ti(za) + Y (Fa(za):ilh(za).

i€l+(zy)
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Denote
Fo) = (£3)
An algorithm using the symmetric secant update for generalized Jacobians is as follows: Solve for di
(JT(zx)J(zk) + Bi)dk = =V f(zx), and set:
Tpoy = Tk +dg,
vk o= Vf(zhe1) = VF(zi), (6.1.2.1)
v = T 2k 1) F(zhot) = JT(zi) Fzhor),

(= Budu)d] +di(yf — Bede)” _ (yf — Brdr di)yud]
(y, i) {yx, di)?

The updated By ., satisfies the quasi-Newton condition:

By = Br +

Biydi =y}

Dennis, Gay, and Welsch(1981] developed this special symmetric secant update for a least square solution of

non-linear equations. For the smooth case, they show this update solves the following least change problem:
min | (TT)" (Bis1 — BT Hir
Bk+l e R "
subject to Bk, — Bx symmetric, Biiidi = yf,

where T € R"*", a weighting matrix, is non-singular and satisfies TT7T dy = yi.

Since this method is specially tailored for the least square solution of non-linear equations, it is an
appropriate quasi-Newton method to extend to the least square solution of inequalities of non-linear convex
C? functions. This update is called a rescaled symmetric secant update, because of the weighting matrix T.
This update and the unscaled update are analyzed in Dennis and Walker[1981] for the smooth case. Local
convergence analysis of quasi-Newton methods for generalized differential constructs requires that we define

a bounded deterioration property for the updates, Bi.
Definition. Bounded Deterioration Property for Generalized Hessians.

Let N(z.,r) be an identification neighborhood of a stationary point z., with iterates z, € N(z,,r).
Define J(xi) € 8F.(zk), by (Ja2(zk))s = 0, for i € I°(zi). (Note that for indices i € I*(zx) U [~ (),
that Jy(z,)); is unique.) Define J; € 9F.(z.) to be the generalized Jacobian which models =, —~ r,, as
defined in Proposition 5.2.2, and choose (J3); = 0 for indices i € [%(z,). (Again, note that for indices
i € I*(z.)U [~ (z.), that (J3)} is unique.) Say the updates B, such as in (6.1.2.1), satisfy the bounded

deterioration property if there exists an «, such that for all &,

||fkr+1jk+l - (J:+1)TJI:+1 + B+ -Q-” < "J{Jk - (JI:)TJ; + Bi - ch + amax("xk+l -z, "Ik - T.||).
(6.1.2.2)
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The particular J; € 0V f(xi) and J; € 8V f(z.) that are chosen allo: consistent comparison of (6.1.2.2) at
each iteration k. Since in an identification neighborhood, I°(z,) C I°(z,), and since Ji models z, — z.. the
distance between these two generalized Jacobians is the distance between the compact convex sets. dF ()
and 0F(z.). One could choose other generalized Jacobians in the definition of the bounded deterioration
property if this selection of generalized Jacobian, J(zi) € OF(z) is compared properly with the closest
element J(z,) € dF(z.). By choosing a particular generalized Jacobian at each iteration. (J(z4)); = 0.
for i € I9(zx), and if the updates satisfy the bounded deterioration property, then g-linear convergence is

assured in some identification neighborhood, which is also a neighborhood of invertibility.
Theorem 6. Local Convergence of Symmetric Secant Method for Inequalities.

Let f be given as in (6.1). Let F; be C? and F; be C? convex. Let z, be given and assume V f(z,) = 0.
Let N(z.,r) be an identification neighborhood of z,. Assume V?f, is Lipschitz continuous of some rank ~,
and let 9 be the order 1 Lipshitz constant of VQ%(FQ(I), Fy(z)) on N(z.,r), where v := v, +v7. Assume that
all generalized Hessians, H(z,) € 8V f(z.) are invertible and satisfy on N(z.,r), |H !(z.)]} < 3, for some
3. Suppose the sequence of iterates and updates (6.1.2.1), where the generalized Jacobians at z; are chosen
so that (J(zx))i = 0, for i € I°(zy), satisfy the bounded deterioration property on N(z.,r) for some a.
Then there exists positive constants ¢ and &, such that if [[zo —z.[| < € and [|JT Jo - (J3)TJ5 + By — Q.|| < 6,
then the sequence of symmetric secant update iterates generated by (6.1.2.1) are well-defined and converge
g-superlinearly to z..

Proof. Choose ¢ small enough to insure a neighborhood of invertibility of z., choose § to satisfy:
606 <1, (6.1.2.3)
and, if necessary, choose ¢ sufficiently smaller to also satisfy:
dae < 6, and 3ve < 26. (6.1.2.4)
We prove the two statements (6.1.2.5) and (6.1.2.6) below, by induction on &:
ITEJe = (JOTJ + Be - Qull < (2-27%)8, (6.1.25)

where J; € 8F, (z,) is the generalized Jacobian of Propasition 5.2.2 which models z; —z,, and Jix € F. (zy)
is the generalized Jacobian chosen so that (Ji); = 0, for the indices i € I%(z) as in the definition of the

bounded deterioration property for generalized Hessians.
1 <
ka1 = 2.l € gllzn - 2.l (6.1.26)

For k = 0, (6.1.2.5) is satisfied by assumption in the hypothesis. We show (6.1.2.6) in the induction step.
which is comparable to the case for k = 0. Assume (6.1.2.5) and (6.1.2.6) hold for £k = 1,2,..., -1
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For k = [, by the bounded deterioration property assumption, and the two induction hypothesis, then the

selected generalized Jacobians, J;, which models r; — r,. and J; satisfy:
WTT = (T +Bi-Qu € (2-274"N6 + afjzi-y - z.]- (6.1.2.7)
From (6.1.2.6) and given that ||zg — z.|| < ¢, then
Iy =zl <276V )zg - 2| £ 2707 Ve,
Substituting this into (6.1.2.7) and using (6.1.2.4) yields
NTJ = (ITI + B = Qul < (2 =276 4 a27 -V

<(2-2"0"D oy = (2 -27h8,

which verifies (6.1.2.5). To verify (6.1.2.6), first show that JTJ; + B, is invertible so that the iterates
are well-defined. Given by hypothesis that any generalized Hessian in 8V f(z.) is invertible and satisfies
|H~}(z.)|| € B8, from (6.1.2.5) and the induction hypothesis (6.1.2.7),

WH= )T+ Bi = H(z)| < 1H @) I(JT T+ By = Hz )l < B(2 - 27')6 < 286 <

| =

So, from the Banach lemma on invertibility of perturbed linear operators, f,r Ji+ By is invertible and satisfies:

[EN] LB 3

)7 < ¢ 38
ST @)k +Bi-Ha)) —1-1 2

W(JE T + By (6.1.2.8)

Thus, z;,, is well defined and for the generalized Jacobian J; € dF,(z.) which models z; - z.:
[Zier =zl < NI+ B)™H [l = V(=) + V() + H (e — )| + 1(JTJi + B = HY || |(z4 = z0)]]]
where H} = (J{)TJ,‘ + Q. is the generalized Hessian which models z; — z,. From Lemma 3,
—z.||?

| = V(@) + V(@) + Hi (oo - z)) < D22l

Substituting (6.1.2.5), (6.1.2.8). and from above:
3.1~ ~
lzt41 = 2ol < 30 [5"I1 -z +(2-2 )5] i1 = z.|. (6.1.2.9)

From (6.1.2.6), the hypothesis that ||z — z.]| < ¢, and (6.1.2.4), then

2715

yl|z1 — z4 |
3 A

2 -<_ 2_l+‘“{€ -<-

which substituted into (6.1.2.9), gives:

3 [
[Zier ~zo} 55 [T +2- 2_1] Sz — .||

< 386||z; — z.)
ozl
- 2

57




with the final inequality coming from (6.1.2.4). This proves (6.1.2.6) for the induction step. [. Using these
two induction results, it follows that the iterates converge g-linearly to z,. ||

Dennis and Walker{1981] show the conditions for the smooth case for the bounded deterioration property
to be met. First of all, the set of matrices from which to choose the least change update, B, should inciude
the matrix @,. Since Q. is symmetric, positive semi-definite, the symmetric secant update (6.1.2.1) satisfies

this condition. The other condition is whether there is some « such that for all &, yf satisfies:
lyf = Qu(@kes = 2l = 1(Jkrt = JO) T Falzhat) = Qu(@hrt — z0)

< kmax{|{zk = .|, [[Te+1 — z | HIZkr1 — k).

(6.1.2.10)

Notice that (6.1.2.10) is similar to the inequality in Lemma 4, which states the existence of o > 0 such that
for Q.. Jis1, Jk,

I(Jks1 = J)TFH(22) = Qul@isr = z0)l| € ollzk — zull + Zhs1 — Zul)lizhs1 — 2l

For the smooth case, where f is C?, the authors show that the choice of

y¥ = Vi(@ir1) = VAzr) = T (@) T (Tks1)(Ths1 ~ Tk)

always satisfies the bounded deterioration property. However, they cite that update (6.1.2.1) works just as
well in test cases. Update (6.1.2.1) is used in NL2SOL algorithm, Dennis, Gay, and Walker{1981]. This
algorithm is a hybrid algorithm which uses the model trust region method (Levenberg-Marquardt), with
a zero matrix, Bo, unless the secant update gives a better match between predicted and actual reduction.
The choice of comparison of generalized Jacobians and the global convergence of zx — . may assure this
condition (6.1.2.10) can be met in practice. For the smooth case, the authors show that NLZSOL performs
better in test cases than the Levenberg-Marquardt algorithm, especially for the non-linear, large residual
case.

Dennis and Walker[1981, Theorem 3.3] show for the smooth case that, if the iterates converge g-linearly,

then the iterates converge g-superlinearly if and only if

tim s = (JOT IR + Bi = Qu)(@wa1 = 20

k—co [Ths1 — zill

=0 (6.1.2.11)

6.1.3 Adaptation of Gauss-Newton for Convex Inequalities. If the residuals are small. it may be
advantageous to use the Gauss-Newton method for the nonlinear inequality case, since the computation is
somewhat simpler. We adapt the local convergence result for the case of inequalities of convex C? functions,

combined with the non-linear equalities.

Theorem 7. Local Convergence of Gauss-Newton for Solving Least Square Solution of System of Inequalities

of Convex C? Fun-:ions and Non-linear Equalities.

Let Fi(x), F3(z) be given as above and

1

f(z) = filz) + fo(z) = 5(Fi(2), Fi(z)) + %(Ff(r), Fy (z)),
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and assume F3 is C? convex, and that F, is C!. Assume the following:

1. fi(z) is continuously differentiable in an open subset, D C R™ and let J;(z) be Lipschitz continuou: on

D, of some rank ~;.
2. There exists r, € D, such that Vf(z,) =0.

Assume that on the identification neighborhood N(z,,r) C D, that the following are satisfied:
3. J, is bounded on N(zx,,r).

4. There exists ¢ > 0, such that, for all z € N(z,,r), for any choice of generalized Jacobian. Jo(z). Jo(x.).
I(J1(x) = (2 )T Fi(za) + (Ja(2) = Do(2))TFy ()] < ollz - ). (6.1.3.1)
5. A, the smallest eigenvalue of J7(z,)J(z.), for any choice of generalized Jacobian, satisfies:
A>o.

Then there exists ¢ € (1, %), and there exists ¢ > 0 such that for all z € N(z.,¢) and for any choice of

generalized Jacobian

1(JIT(z)J ()Y < §.

and for all g € N(z,,€), the Gauss-Newton iterates
Ter1 = Tk — (J(2)TI(z6)) 7 I (2k) T F i)

are well-defined, converge to z, and satsfy, for some v > 0 and fcr all a where {|J(z)|| < a, for all

r € N(z,,r):
lokes = 2oll < Flloe = zull + Sl llzi = 2l (6.13.2)
co+ A
ket = 2ol € P ek - 2l < flz - .l (6.1.3.3)

2A

Proof. Since any generalized Jacobian satisfies that [|(J(zx)TJ(zx)) "}l < 1 and since ¢ > I, then
Proposition 1.3.1 assures a neighborhood of z., such that ||(JT(z)J(z))~'|l < £. By 1, since J; is Lipschitz
continuous on N(z,,r) of some rank v, and since F; is C? convex, choose ¢ small enough to insure a
Proposition 5.2.1 identification neighborhood. Then Propositici: 5.2.2 holds for some v;. Thus, there is

¥ = ¥, + y9 > 0, such that any generalized Jacobian of F at z € N(x,, r) satisfies:
IF(z.) = F(z) - J(@)(z. — )} < Slzs - 2l

The proof of the theorem follows directly the pattern of Theorem 1. ||
If the residual of F(x,) is zero, just like in the linear case, convergence is q-quadratic. This is similar

to the result of Burke[1983] for his Gauss-Newton like projected steps. He also discusses the Mangasarian
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Fromowitz Constraint Qualification (MFCQ) at a given point x. The MFCQ for a given point r is satisfied.

if there exists a direction p, such that
iVEYNz).p) <0 where e ['(x)ul™(z),
NV FHzx).p) =0 where:=1,..., ml, (MEFCQ)

and {VF{{z)li=1..... ml} are linearly independent.

Robinson showed that if a point r satisfies the MFCQ condition. then the condition is satisfied for all points
in some neighborhood of r. Using this result and a result of Daniel[1973]. Burke showed that his Gauss-
Newton directions, starting from a point in an identification neighborhood of a stationary point r, having
fix,t = 0. where the MFCQ holds for some other point £ in this neighborhood and f{(zZ) = 0, then the
iterates converge g-quadratically to r,.

The local convergence behavior of Levenberg-Marquardt directions for the general convex case is compa-
rable to Gauss-Newton. The applicability of either of these methods depends on how nonlinear the function

F is at r* and on the size of the residual at z,, as is discussed in section (4.1.1).

6.2 Global Convergence Results

Both global convergence results are applicable as in the case of linear inequalities. The Armijo line search
follows directly without adaptation, since V f;(z) is Lipschitz continuous of some rank ~ on the lower level
set of the first iterate, since F, is convex and C%. By assuming that V f,(z) is Lipschitz continuous of some
rank on the lower level set of " first iterate, then the Armijo line search conditions are satisfied.
Similarly, the global trust region method using generalized Hessian model function also follows directly.
Since F; is convex and C?, then, in an identification neighborhood of any accumulation point, the Hessian
model function converges quadratically to f,. By assuming that F; is C?, the conditions of the generalized

Hessian model for the global trust region method are satisfied.
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7 Applications

The least square algorithm developed in previous sections can be used to solve the assignment problem
subproblem (2.5.1) as well as other common optimization problems, such as linear programming problems
and the linear compiementarity problem. In section 7.1. we develop algorithms to solve the piece-wise linear
assignment problem in section 2. The algorithm calls subroutines based on Han's algorithm for solving
systems of linear inequalities in a least square sense and the algorithms developed in section 4 for solving
systems of linear inequalities and nonlinear equations. The local minimum stationary point returned as a
solution to the subproblem (2.5.2) may not yield a global minimum of the least square formulation. We show
that non-global local minimum stationary points are either associated with a w-component vertex which is
not a possible {0, 1} solution, or there is no solution with integral w-component. In the latter case, one can
form cutting planes and reformulate the relaxed problem. Based on the assumption that proper starting
points can be found for each iteration (corresponding to vertices of the w-component where w; = 0 or 1), the
algorithm terminates finitely in a solution with integral w-component or finds that no solution exists. The
global convergence property of the least square algorithms in section 4 gives the potential for fewer than 2"
iterations. In section 7.2. we show how the the relaxed linear programming problem can be formulated as
system of linear inequalities and equalities which can be solved using Han’s algorithm. Combined with the
nonlinear equations, the problem represents the peice-wise linear assignment problem subproblem (2.5.1)

which can be solved by the algorithm developed in section 7.1.
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7.1 Solving the Piece-wise Linear Assignment Problem

Recall that a solution w. y, z of the relaxed primal generated by r, u, v which solves the dual problem in (2.2}

is a solution to a system of linear inequalities and equalities with respect to the following index sets :

J= = {jlr, € (0. 1)}

2= {jlrj = l}

1

= {7|r, =0}

13

={i] —vi;, +u —c,yr; <0}
1Y = {ilv;; >0} <= y; =w;

Here w. y, z satisfy:
Yi; = 0.

¥i; >0, Vij

Swi=1 Vi
j

= wJ¢J = E C,;‘]y,‘]' = ZJ

i

= Z Cig¥iy =25 2 W;0;

— th.jyi.J S w]@] =2z

+—— Yij =0

vie I}, Vj

Yij S wy, v"ﬂ]
w;j <1, V) (7T.1.1)
tj(l—w]')zo, V]
Z%yi.j =z =w;¢;, YjEJT
3
an.]yi.j =z; >w;¢;, VjeJ?
1

Z Gij¥%iji <2
1

Let P := {{w.y, 2)| which satisfies (7.1.1)} be the nonempty convex polyhedral relaxed primal solution set

generated by a single dual solution. (Note that z is an auxillary variable and would not be used in the

computation.) Consider P as the non-empty convex polvtope in R**™" (by eliminating the variable z).

All points in P have w; € [0,1]. As in section 2.5, use the single variable z to represent the variable

(w.y).

Define the function F) to represent the nonlinear forcing function of w, where (F1); : R — R, and

(Fi(z)); = w;(1 — w;). Let the matrix A and the vector b represent the linear transformations in the

inequalities, and the matrix C and the vector d represent the linear transformations in the equalities. The

least square algorithm for solving systems of non-linear equations and linear inequalities returns a local

minimum stationary point z, which solves in a least square sense:

Fi(z) =0,
Az < b,
Cr=d.
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Now, define F : R"™™" = RP where p = m + 4n + 2mn + Zj(llfl +|1}]). (The notation ][fl means the
cardinality of the set 9. ) Then
Fy(x) Fy(z)
Flz):={ (Az=b). | = | FR(x) | .
(Czx ~d) F3(x)

f(z) = filz) + fo{x) + fa(x), where

fi(z) = 3R (@), Fua),

falz) = S((Az = b).. (Az — b)),

Let f: R"*™" — R be defined:

ol — ol

fa(z) == 5((Cz - d),(Cz - d)).

Observe that the w-component vertices of [0, 1|® are determined by w; = 0 or 1 for each j. A convex
subset of [0, 1]™ associated with each vertex is determined by 0 < w; < % or % < w; £ 1, for each j. There
are 2" of these subsets, one associated with each w-component vertex. The minimum of f,(z) on each of
these subsets is attained at the associated w-component vertex. Points having w; = 3 for some j are not
identified with any of the vertices. We show the following property about local minimum stationary points
of f.

Proposition 7.1.

If z, is a local minimum stationary point of f, then z. satisfies:
1) If z, € P, then wj € {0, %. 1}, for all j. If f(z.) =0, then w} € {0, 1}, for all j.
2) Ifz, ¢ Pandifw; = % for some j, then for all z € P, the only feasible choice is w; = % for these j.
Proof. The first result uses the property that V fy(z,) + Vfa(z.) = 0, for z, € P. The solutions of
V fi(z) = 0 satisfy:

w;(1 = wj)? = (w))*(1 - wj) =0,

which implies w} € {0, 1, +}. Then if f(z,) =0, it must be that w; € {0,1}.

For the second result, in order that z, is a local minimum stationary point, then V f{z,) = 0. If there
exists a, 3 such that 0 < a < % < B8 <1, a# B and [a,p| is feasible for w;, then z, is not a local
minimum stationary point. Rather, the w; component is a local maximum stationary point with respect to
this component. Otherwise, suppose there exists a < 3, where either o, 3 € [0, %) ora, e (%, 1| and [e, 3]

is feasible for w;. Consider:
(Vf(z)); = (w; — a) +w]2-(l - w;) —w;(l - w;)?

evaluated at w; = 1,

=(%—a)<0.
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This means z, with w! = 1 is not a local minimum stationary point. Similarly,
j 2 Y

(VF(x); = (w; = 8) + wi(1 —w,) — wy(l — w,)?

evaluated at w; = .

1
=(§—J)>O.

Again, this means z, with w} = % is not a local minimum stationary point. Because of the convexity of P.
these are the only possible types of feasible regions, and so the only possibility for z, to be a local minimum
stationary point with w; = % for some j is that the only feasible choice for these w; is w; = % I

This proposition assures that local minimum stationary points with any wj = % represent a condition
where there is no point with w integral in P. Further, any other local minimum stationary point has all
w; # % Thus, in the case that f(z.) # 0, one can identify a vertex of the w-component associated with
this point, or if any of the w; = %, then no solution with integral w-component exists. It follows in the
case where f(z.) # 0 where no w; = % that the corresponding w-component vertex is not the w-component
vertex of a possible solution.

The cutting plane method to solve integer programming problems originated in the work of Gor-
mory[1960,1963] and is described in elementary texts such as Garfinkel and Nemhauser(1972]. Conn and
Cornuéjols[1990], Cornuéjols et al[1989], and Ahn et al[1988] describe the cutting planes that generate facets

of the uncapacitated facility location polytope. This polytope is the convex hull of the solution set of:
min Z z;
J
subject to:
‘w]‘ el yi.j Z 0, Vt,]

-p;w; +2; 20, Vj

. (7.1.3)
- Z G ¥, +2; 20, Vj
T
Zyi.j =1 "
J
¥ij; 20, Vij
wj; € {0, l}, vj.
The following cutting plane:
Yoh + ¥Yph +Ypi +Yqi + Ygk + Yok —wh —wy —wi <1 (7.1.4)

defines a facet of the uncapacitated facility location polytope for any h,l,k € J, and o,p,q € [, such that
h# 1 # k and o # p # q. It cuts off fractional basic solutions of (2.1.2) the relaxed primal solution, where all
the variables in (7.1.4) take the value % The authors show examples of using these special cutting planes.

where, after just a few iterations, a {0, 1} solution is feasible.
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We describe an algorithm to find a {0, 1} solution for the problem in section 2. Define LLS(P) to be
Han's algorithm which returns a least square solution z* of P define by (7.1.1), as well as residuals r,. Define
NLLS(f) to be the algorithm which returns a local minimum stationary point, z,, of f generated by (7.1.2).
which is a least square solution to a system of non-linear equations and linear inequalities. The algorithm
calls both LLS(P), NLLS(f). Consider [ € V, where initially V = {1,2... ., 2™} represents the vertices of
the w-component of x. For each { € V, choose an initial starting point with the associated w-component
vertex. selecting w; = 0 or | appropriately. If P contains points having w-component in this subset of {0, 1]*
associated with the particular w-component vertex, then if one chooses a starting point in P, identified with
this w-component vertex, then the algorithm NLLS(f) should converge to a point with the same identified
w-component vertex. Thus, one way to choose the starting points for NLLS(f) is to call Han's algorithm to
find a feasible point in P and associating w; = 0 or 1 depending on the closest endpoint. However, after
several iterations, one may not find different vertices based on points in P. Another approach is to choose
a starting point based on a particular w-component vertex where the y-component of the point z, satisfies
the conditions in (7.1.1) in a least square sense. Then, call NLLS(f) with the starting point and test the
conditions of Proposition 7.1. If f(z.) = 0, then the algorithm has found a solution where the w component
is integral. If any of the w; = %, then the algorithm stops and using cutting planes described by Conn and
Cornuéjols[1990], a new problem is formulated, feasibility is restored, and a new set P is formed. Then, one
can again run the algorithm below with this new set P. Lastly, if z, ¢ P, then none of the wj = % and there
is an associated w-component vertex of z,. If this vertex is the same as that of the initial point, then this
vertex is removed from the list V. If the the initial vertex is different, then, since the initial starting point
was chosen with its w-component in this subset of [0, 1]* with y-component as ciose as possible to feasibility.
then one can remove this initial starting point vertex from the list as well. Because of the convexity of P, if
there are any points of P having w-components in this subset, then the algorithm NLSS should find this local
minimum with its w-component within this subset. Finally, the algorithm iterates selecting another vertex
from the list V. If at any iteration, both endpoints of some w; are found to be infeasible, then Gomory
cutting planes would be developed to cut off non-integral solutions, the relaxed program reformulated and
using a new set P, the algorithm would be rerun.

The algorithm is shown below:
Algorithm using NLLS and LLS :
V={12...,2
P is the set defined by (7.1.1) or by cutting planes;
ITER:
SELECT 1 from V; (Choose vertex from V # )
SET zo; (calling LLS(P,) with set w-component and y-component as variable.)
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z, = NLLS(f); (where f is the function defined by the set P )
IF f(z.) =0, THEN done: (z. is an integral solution)
[F ANY uj = % THEN quit; (Use cutting planes to form new relaxed program and new set P)

(Thus. z. is infeasible and no w; = %)

| = w-component vertex of x;

V = V\{l}; (Remove initial vertex from V.)

[, = w-component vertex of z,;

IFl#1., THEN V = V\{L.};

FOR j = 1 TO n; BEGIN;
IF w; = 0 or 1 both infeasible THEN quit;
(Use Gomory cutting planes to form new relaxed program and new set P.)
END;

GO TO ITER;

This algorithm terminates finitely if an integral w-component solution exists in the set P. At each
iteration, at least one different vertex is removed from the list. The above algorithm chooses all starting
points for calling NLSS based on an associated w-component vertex, setting the w; = 0 or 1 depending on
the vertex. If a point in P has this w-component vertex, then LSS algorithm would find a solution with
this integral w-component. If not, then the point returned from LSS gives the least square solution in the
y-component having this associated w-component vertex. If there are points in P having w-component in
the subset associated with this w-component vertex, then NLSS (using this starting point) finds the local
minimum stationary point with the same associated w-component vertex. If the starting point is the least
square solution of the y-component with a given w-component vertex, then if the NLSS algorithm converges
to a point having a different w-component vertex, then one can eliminate both w-component vertices from
consideration. Thus, it is possible that two different vertices are removed at an iteration. If after sufficient
number of possible w-component vertices are eliminated, one finds for some j such that w; = 0 or 1 are
both eliminated, or if the NLSS algorithm finds a local minimum stationary point with some w; = % then
no point in the set P has integral w-component. One would then form cutting planes and a new set P and
rerun the algorithm.

This algorithm calls LSS at each iteration in finding starting points and calls NLSS once each iteration.
The global convergence property of the algorithms in section 4 provides the potential that fewer than 2"

iterations are needed.
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7.2 Solving Linear Programming Problems

Han[1980], Mangasarian|[1981|, and Stewart[1987] describe using iterative continuous algorithms to solve
linear programs. Specifically, Han's algorithm could be used to solve a linear complementarity problem
which takes the same form as the solution set of a linear program. One might also use this algorithm to
solve the relaxed linear program described in section 2. Using the duality property, the optimal solution of

the primal problem (2.1.2) and the optimal solution of the dual problem (2.2.1) must satisfyv:
PIEEDBED B
J t 3

in addition to sa.isfying all the constraints in both problems. Therefore, one could formulate a convex set.

P, in the space of the combined primal and dual variables, where P satisfies:

SRS SN 38
] 1 b
w;~y; 20, Vi
-¢w; +2; 20, Vj

- Z G Y t+2; 20, V)
i

Zyi'j = l, Y1

J

yi.j _>_ 01 v'»]
w; <1, V5 (7.2.1)
Zv.‘,j —¢;8;=0, V;

[

—vijtw—¢;r; <0, Vij

s]+rj=1, vj

v;; 20, Vi,j
8; 20, Vj
r; 20, Vj
t, 20 Vj

The solution set P represents all the solutions to the relaxed linear programming problem, unlike using a
single dual variable to generate a reduced solution set. One may consider using P generated by (7.2.1) and
the algorithm to solve for an integral solution. This avoids the iterations needed to find other dual solutions,

since the entire solution set of the relaxed problem is characterized by (7.2.1).
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8 Examples of Algorithm

For the example problem, the strategy as suggested in 7.2 is used to characterize the full set of solutions
of the dual problem and search within this set for a {0, 1} solution. Recall from section 2. the full set of

solutions of the example problem satisfy: y; ; = 0, except as follows:

il w

vin=w =1 ys=ywa=wi=1 y33= u

and w9, y3.9, and ys3 ; satisfy:

6
<1, > —,
w2 <L y3n 2 0
4 0< < < 4
=— - , wy < =y32.
Y3.2 11 Y31 Sy wy s 3y3.2
One can simplify, eliminating the variable ys ., which is fully determined, and express as a problem in two
variables, w and y:
-y <0,
43
-=<o,
Yy=355 2=

Expressing f(z) = f(w,y):

35 (8.2)
2

Fy—w? + w5k + - 12)

See the contour plot of f(x) shown in figure 3 below, where one observes there are local minina stationary

points at w = 0,y = 0. aﬂdw———l,ye[%,g—g.
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Figure 3. Contour Plot of f(x)
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For this problem,

o -1 0
0 1 8
4
1 -4 0
1 0 1.
An example using the Gauss-Newton like algorithm to solve (7.3.2) is illustrated. using initial starting point

zo = (w.y)T = (LT,

Initial Iteration: f(zo) = ($2)%, I°(zo) = {3.5}, I"(z0) = {1.4}, and I (zo) = {2}

0 O
0 1
Vf(-‘vo)=<§). Jl(l‘o)=(_01 8) Sozo)= | ~a «a
0 0
3 0

where a € [0, 1] and 3 € [0, 1]. Selecting the generalized Jacobian Jy(zo) € 8(Axzg — b)., where a = 3 = 0,

one calculates:
1 0

(@) (an) = o)) + I eo)ateo) = (o §)  and do==9ftan) = (G ).
55

Iteration 1: Choosing stepsize Ag = 1, then

n=(4). viw=(5).
55

so x1 solves (7.3.2), with f(z,) = 0. Therefore, x, also solves the assignment problem.

If a different generalized Jacobian, Jy(zo) € (Ao — b)+, is chosen where a = 3 = 1 above, then

JT(IO)J(IO)=(_31 ) and do = ~(I (o) (ao) "V f(aa) = ( ZYaga )

Iteration la: Choosing stepsize A9 = 1 gives
0.9564 -0.0381
1= (0.8691)’ Vi) = ( 0.0873 >
I°(z,) = 0, I"(z1) = {1,3.4,5}, and I*(z,) = {2}. Notice that for z, = (1, &)7, that z; is in an
identification neighborhood of ., where I°(z,) = {2,5}, I ~(z.) = {1,3,4}, and I*(z.) = 0. Since [°(z;) =
@, then Jy(z,) € 3(Az, - b), is uniquely determined:

T _ (08331 0 _ _ { 0.0457
J(II)J(zl)—( 0 1) and dl—'(—o.osn)'

Choosing stepsize A\, = 1 gives [teration 2a:

= (3538 = (°%%).

I%(z5) = {2}, I"(z.) = {1,3,4}, and I*(z.) = {5}, Choosing J5(z;) € (Az; — b),, then

1
Jalea) = gives  JT(z3)J(z2) = (2.0(())84 g) and dp = (—06 ) :

—_ 00 Q0O
[= RN = -

Choosing stepsize A; = 1 so that

dg=(‘°'8°2‘) gives I3=( ) f(z3) =0, Vf($3)=(g)~

it —




9 Conclusions

We have developed methods based on continuous optimization to solve a special type of assignment problem.
having piece-wise linear additive separable cost functions. This problem is not easily solved using combina-
toric methods, due to tne nonlinear cost function. Further, common continuous optimization methods do
not handle the {0.1} contraints. The strong relaxation of the {0, 1} constraints yields a linear program or.
equivalently, a system of inequalities and equalities. Adding nonlinear equations to this system to force a
{0.1} solution yields a problem which we showed can be solved using least square methods. We developed
algorithms extending methods such as Gauss-Newton, Levenberg-Marquardt, Newton's, and quasi-Newton,
for deriving search directions, and global convergence algorithms based on the model trust region method
and inexact line search. We have developed the details of these new algorithms and an overall theory for
local and global convergence for both linear inequalities as well as systems of inequalities of convex C?
functions. This work in non-differentiable optimization is based on on fundamental properties of generalized
differentiability. We showed that these properties are useful in developing theoretical convergence results of
these new algorithms to solve a special type of problem, least square solution of finite systems of inequal-
ities. The local convergence theory uses the special approximating property that the Taylor series based
on the generalized differential constructs possesses in an identification neighborhood of a stationary point.
We developed and verified new approximating results for both the case of linear inequalities and systems of
inequalities of convex C? functions, as well as the details of selecting generalized differential constructs. From
this, we czveloped algorithms based on Gauss-Newton, Levenberg-Marquardt and Newton's methods, using
generalized differential constructs and showed that local convergence properties are similar to the smooth
case. We developed a comparable method based on quasi-Newton updates, defined a bounded deterioration
property for generalized Hessians, and, assuming this property, verified local g-linear convergence.

The global convergence of the Armijo line search, which we showed can be used directly with no mod-
ification, depends on the Lipschitz property of the gradient of the convex least square function on lower
level sets. We extended the global trust region method to handle systems of inequalities by using a model
function based on generalized Hessians and verified convergence.

We developed an algorithm to solve the original assignment problem using the algorithm for solving
systems of nonlinear equations and linear inequalities. This overall algorithm either finds a {0, 1} solution
within the relaxed problem solution set, or it determines that no such solution exists, thus requiring cutting
planes be added to the relaxed problem formulation. We developed and verified a property of local minimum
stationary points of the least square formulation which, along with proper choice of starting points at each
iteration, assures that the assignment problem algorithm converges, that is, either a solution is found, or
it is confirmed that none exists. We showed how to formulate the relaxed problem as a system of linear
inequalities and equalities which can be solved using Han'’s algorithm.

This work demonstrates strong solvability properties by using the Euclidean norm for regularizing a

non-differentiable function into a differentiable function, as well as the increased solvability of transforming
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a discontinuous problem into a continuous problem. As shown. the least square formulation is numerically
stable to small perturbations of computational inaccuracies. The least square formulation for solving the
system of inequalities and equalities yields a solution even if the system is infeasible. The least square
formulation, although not equivalent to the original assignment problem, yields important information about
local minimum stationary points of the least square objective function for the assignment problem. Further.
the least square formulation for solving systems of inequalities provides a useful tool for other applications.
such as solving linear programs and linear and non-linear complementarity problems.

Further work would address more general functions, especially non-convex functions. Also, further work
should treat the invertibility assumptions made for local convergence results, deriving the specific conditions.
such as the MFCQ, which assure invertibility, similar to Burke[1983}, Harker and Pang{1990|, and Harker
and Xiao[1990]. In addition, the specific conditions which assure the bounded deterioration property for the
secant update in the quasi-Newton algorithm need to be developed.

Lastly, the theoretical algorithms developed herein should be implemented and tested on large scale
problems, giving a basis for practical comparison with other algorithms and comparison with smooth prob-

lems.
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